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∞∑

n=1
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t2 . . .
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S
t1

t1∫
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S
t2H(t1)H(t2) =

1
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t∫

t0

t∫
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S
t1
S
t2T̂ (H(t1)H(t2))
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I�DFE�EUf
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h̄
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t∫
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S
tnT̂ (H(t1)H(t2) . . .H(tn))
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U(t, t0) = T̂ exp


− i

h̄
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t0
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t′H(t′)


 D¶?A@^¡)F

uYH7f�C�DFEBG�i7Q�S�L/V=L=M3f¶pqN/�/d�I�i7T�f�i7Q
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EUP�JWG
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G�f
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U(t, t0) = U(t− t0) = exp
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H · (t− t0)
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TUDFEUf
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_�EBLXI�DFTBEUDFI=EBM3DFQ���L��¹H2L=M3f
bcV�f
G�H2L�S |ψ(t0)〉

S=DcfyI�DFG
Q�H7P�JWG�DFG�DFL9N/��f
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dOEBG
H |ψn〉 = En |ψn〉

� 〈ψm|ψn〉 = δn,m
V=L�S

1 =
∑

n |ψn〉 〈ψn|
/

|ψ(t0)〉 =
∑

n

an(t0) |ψn〉
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|ψ(t)〉 =
∑

n

an(t) |ψn〉
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G�S�H2dOEBG�I�Dcf
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an(t)
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|ψ(t)〉 =
∑
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uvEUD
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G �
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G�DFQe|yQ�S�LWV=L=M�EBL�S=DFQeC�DFEBG���L/V=deDFQ
EUf�P�J bcV�EBLWG�DFMAQ
EUDFQ�DFL��³H2V�f
M3DFJ�DFL�S
¤3i7L DFEBL�DFd°M3DcDFEBMAL�DFGOM3DFnzK2J=TBG�DFL �yL��¹H2L=M3f
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G�H2I=EBT�EUf
GYV=L�S�L=EUP�JWGZM3DcDFEBMAL�DFG��-V=d¨S�EUD
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|ψ(t+ ∆t)〉 − |ψ(t− ∆t)〉 = U(∆t) |ψ(t)〉 −U
†(∆t) |ψ(t)〉 =
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H∆t − D i
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H∆t
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|ψ(t)〉 D¶?A@B?6])F
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φ(x2) = (φ1(2), φ2(2), . . . , φN(2)) = {φm} m = 1, . . . , N
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Q
E�p
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G�K2L�S=DFL���EBL�f
I�Dcf�i7L�S=DFQ�D i7J=L�D[¸kDcP�J�f�DFTBn�EBQ
w#V=L=M ��n�EBQ�SXH2I�DFQ�H2V�P�J�S�H7f�b6DFEBG
TBEUP�J�D ±³DFQ
J1H2TBG�DFL
f�i7TUP�J�DFQ�C�V�f�G�K2L�S=D�V=L/G�DFQ�f
V�P�J/G6@-u�DFQY{vH2dOEBTBG�i7L�i7a�DFQ�H2G�i7QYEUf
G�J=EUDFQ�LWV=Q����=Qvf�G�H2Q
Q�D �vH2L�S�I�DcS�EBL=MAV=L=M3DFL
EBL¥�vTUDFEUP�JWV=L=M D¶?A@^]A½)F�H2L=M3DFM3DFI�DFL��W�"�=Qoa�DFQ
EUi#S�EUf�P�J�D �yH2L�S�I�DcS�EBL=MAV=L=M3DFL¥d[V�f�f¢I�DFQ
��P�w#f
EUP�JWG
EBMAG�noDFQ�S=DFL��
S�H7f�f H2V�P�JÇS�EBQ�DFw#G�D��yI�DFQ
MWK2L=M3DjS=DFQx¾-DFEBTUP�J�DFLÇ¤3i7d �yH2L�S S=DcfOI�DFG
Q�H7P�J/G�DFG�DFL �vEBG
G�DFQ�febcV=d #¶DFnzDFEBTUf
M3DFM3DFLW�=I�DFQ
TBEUDFM3DFL�S=DFL �yH2L�S�deR7MATBEUP�JXf
EBL�Sµ@1uyEUDcf�DYa�DFQ
EUi#S�EUf�P�J�D 	�i7Q
G�f�DFG
bcV=L=M:S=Dcfv�vEBG
G�DFQ�f��"�=J=Q
GyS�H2L=L
bcV�bcV�f�K2G
bcTBEUP�JXH2V��"G
Q�DFG�DFL�S=DFL¦w#EBL�DFG
EUf�P�J�DFL§¾-DFQ
deDFL

t
EBd²{vH2dOEBTBG�i7L�i7a�DFQ�H2G�i7Q6@ 	(�=Q���DFQ�DcP�J=L/V=L=M3DFLXH2V��

DFEBL�DFdsbcnzDFEUS�EBdeDFL�f
EUi7L1H2TUDFL {yV=I=I1H2Q�S#pq�vEBG
G�DFQ d[V�f�f S=DFQ[J=EUDFQ�LWV=QOH2TUf��zDFEUf�a=EUDFTzS�H2Q
M3Dcf
G�DFTBTBG�D¥{�H2dOEBT�p
G�i7L�i7a�DFQ�H2G�i7QZDFL/G�f
a=Q�DcP�J�DFL�S�DFQ
noDFEBG�DFQ
GZnzDFQ�S=DFL���nzH7fYEBL�f�I�Dcf�i7L�S=DFQ�D S�V=Q�P�JkS�EUD w/EBL�DFG
EUf�P�J�DFLk��DFEBG
Q�K2M3D
S=DFQ�I�DFEUS=DFL§_�TUDFw#G
Q�i7L�DFLjH2V��³DFEBL�DY~XH2G
Q
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uvEUD§H2L1H2TB�/G
EUf�P�J�D§�-RAf
V=L=M�S=Dcf {�V=I=I1H2Q�S#ph~Xi/S=DFTBTUfx���=QObcnoDFEy_³TUDFw/G
Q�i7L�DFLÅEBL DFEBL�DFQ uvEBdeDFL�f
EUi7L n�EBQ�S
J=EUDFQ¢L=EUP�JWGzEBd u�DFG�H2EBT�S�V=Q�P�J=M3D·���=J=Q
G��#S�EUDcf�D�EUf
GoH2V�f
�"�=J=Q
TBEUP�J EBL & (¢iAf�EUS�H!��?6�A�A½+*�S�H2Q
M3Dcf
G�DFTBTBG6@/��TBTUDFQ�S�EBL=M3f
n�EBQ�S¦J=EUDFQvS�EUDZ��RAf
V=L=M V=LWG�DFQvH2L�S=DFQ�DFL �yH2L�S�I�DcS�EBL=MAV=L=M3DFLjS�V=Q�P�J=M3D·�"�=J=Q
G���V=d©S�EUD�H2L1H2TB�/G
EUf�P�J�DFLj_³Q¶p
M3DFI=L=EUf�f�DY¤3i7TBTUf�G�K2L�S�EBMxdOEBG�S=DFL¦L/V=deDFQ
EUf�P�JjI�DFQ�DcP�J=L�DFG�DFLj¤3DFQ
MATUDFEUP�J�DFLjbcV�w3R7L=L�DFL�@�u�Dcf
J1H2TBI¦n�EBQ�S�L/V=Q
H2V��(S�EUD�nzDcf�DFLWG
TBEUP�J�DFLj�yIWnoDFEUP�JWV=L=M3DFLXEBL�S=DFQ�J=EUDFQ�S�V=Q�P�J=M3D·�"�=J=Q
G�DFLX��RAf
V=L=MOM3DFM3DFL/�=I�DFQ�S=DFQ�S=i7Q
G�I�D·p
f�P�J=Q
EUDFI�DFL�DFLkDFEBL=M3DFMWH2L=M3DFL��µbcV=Q�{yDFQ
TUDFEBG
V=L=M¦S=DFQ[�vTUDFEUP�JWV=L=M3DFL D¶?A@^]3l-H)F��=D¶?A@^]3l�I,F�� D¶?A@^]A¡)F�V=L�S D¶?A@^]A�)F
f
EUDFJ�D & (¢iAf
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uvEUD¦��DFG
Q�H7P�JWG
V=L=M¼¤3i7L bcnzDFEv_³TUDFw/G
Q�i7L�DFL H2V��YDFEBL�DFd DFEBL�S�EBdeDFL�f
EUi7L1H2TUDFL {�V=I=I1H2Q�S#pq�vEBG
G�DFQ:dOEBGeL/V=Q
DFEBL�DFd L=EUP�JWGoDFL/G�H2Q
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G�f
Q�H2V=d a=Q�i �vEBG
G�DFQ
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GoH2V���� i7TBM3DFL�S=Dcf
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2t [F (n+ 1) + F (n− 1)] cos (K/2) = EF (n)
���=Q

n 6= 0
D¶?A@^]3l-H)F

2t [F (1) + F (−1)] + UF (0) = EF (0)
���=Q

n = 0
D¶?A@^]3l�I8F

n
f�G�DFJWG¼J=EUDFQ H2I=w/�=Q
b6DFL�S ���=Q S�EUD ��DFT%H2G
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n = Rn − Rm
��nzi7I�DFE
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V=L�S

Rn
S�EUD �vEBG
G�DFQ
a=T%K2G
b6D¼I�DFb6DFEUP�J=L�DFL��vnoi f
EUP�J S�EUDcf�D¼H2V���J1H2TBG�DFL�@

_³fjnoDFQ�S=DFL
N

�vEBG
G�DFQ
a=T%K2G
b6D¼H2L=M3DFL�i7dOdeDFL D
N

V=L=M3DFQ�H7S=DGF��vSµ@ J�@yS�EUD �yDFT%H2G
EB¤/w3i#i7Q�S�EBL1H2G�D
n
bcn�E�p

f�P�J�DFL�S=DFL9_�TUDFw#G
Q�i7L�DFLkw7H2L=L�V=L/G�DFQ[a�DFQ
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G�DxH2L=L�DFJ=deDFL
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n = 0,±1, . . . ,±(N − 1)/2

@
K = k1 + k2

I�DFb6DFEUP�J=L�DFGOS=DFL ghdOa=V=TUf�S=DFQ N#P�J/noDFQ
a=V=L=w#G
I�DFnzDFMAV=L=M
S=DFQ�I�DFEUS=DFL§_�TUDFw#G
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G�DFdef�f
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ψ(r1, r2) =
∑

m,n

Γ(Rm, Rn)w(r1 −Rm)w(r2 −Rn)
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dOEBG

Γ(Rm, Rn) =
D iK(Rm+Rn)/2F (Rm −Rn)

D¶?A@^]A�)F

{yEUDFQZI�DFb6DFEUP�J=L�DFL
w(r1 − Rm)

V=L�S
w(r2 − Rn)

S�EUDe¸9H2L=L=EUDFQ¶pqC�V�f�G�K2L�S=D���EBL S=DFL�DFL�f
EUP�J�S�EUDe¾�DFEBT�p
P�J�DFL:H2L:S=DFL:�vEBG
G�DFQ
a=T%K2G
b6DFL�H2V��"J1H2TBG�DFL w3R7L=L�DFL�@�	(�=Q¢S�EUD�w3i7L=w/Q�DFG�Dy��V�f
nzDFQ
G
V=L=M�S�EUDcf�DFQ��vTUDFEUP�J/V=L=M3DFL
n�EBQ�S J=EUDFQ���V=d S�EUD�¸kDFTBTUDFL���V=L=w/G
EUi7L�DFLÇMAQ�H��1f�P�J S�H2Q�f�G�DFTBTUDFL bcV w3R7L=L�DFL��

w(ri − Rj) = δri,Rj
H2L�p
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G�H2L/GY�=I�DFQZS=DFQ
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p¹G�DFL��vEBG
G�DFQ
b6DFTBTUDOV=L�S
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GYEUS=DFLWG
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n�EBQ�S�L/V=Q[S�H��"�=QYI�DFLWV=G
bcG��-V=d¨S�EUD �vEBG
G�DFQ
b6DFTBTUDxH2L=bcV=M3DFI�DFL��

EBL�S=DFL�DFLkf
EUP�JkDFEBLk¾-DFEBTUP�J�DFLkI�D���L�S=DFG��-S�EUD�Q�K2V=dOTBEUP�J�De±¢H2Q
E%H2G
EUi7LkS=DFQY¸9H2L=L=EUDFQ¶pqC�V�f
G�K2L�S=Dx�=I�DFQYS=DFL
��EBG
G�DFQ
b6DFTBTUDFL�n�EBQ�S H2I�DFQ�¤3DFQ
L1H7P�J=T%K7f�f
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G�DFL

Γ(Rn, Rm) = ±Γ(Rm, Rn)
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Γ(Rn +N,Rm) = Γ(Rn, Rm +N) = Γ(Rn, Rm)
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Q
EUD
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V=L�S

Γ
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EBdOd[G�D @yV1H2L/G
EUf
EUDFQ
V=L=M3f
I�DcS�EBL=MAV=L=M3DFL H2L S=DFLÇg dOa=V=TUf

K
S=DFQZN#P�J/noDFQ
a=V=L=w#G
I�DFnzDFMAV=L=M§M3Dcf
G�DFTBTBGvnoDFQ�S=DFL�d���f�f�DFL���nzH7f�f�DFEBL�D�deR7MATBEUP�J�DFL�¸kDFQ
G�D�DFQ
MAEBI=G6@�uvEUD
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Q
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G�D����=QYS=DFL�N#P�JWnzDFQ
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(1) F (n) = F (−n) F (n+N) = +F (n)
�,/ P H�T�P ����O

φ+

��* �,/JP H�T�P �/TLO
K = 4π

N
l l = 0, 1, . . .H�Y�O

F (n) = F (−n) F (n+N) = −F (n)
�,/ P H�T�P ����O

φ−
��* �,/ PKH�T�P �/T�O

K = 2π
N

(2l + 1) l = 0, 1, . . .H��VO
F (n) = −F (−n) F (n+N) = +F (n)

�,/ P H�T�P ��YVO
α = π

N
2l K = 4π

N
l l = 0, 1, . . .H�V�O

F (n) = −F (−n) F (n+N) = −F (n)
�,/ P H�T�P ��YVO

α = π
N

(2l + 1) K = 2π
N

(2l + 1) l = 0, 1, . . .

¾(H2I�DFTBTUD¥?A@^] /µC�V�f�H2dOdeDFL��¹H7f�f
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Q
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F (n) = F (−n)
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J1H2TBG�DFL Q�DFEUP�JWG�Dcf�i+�µDFL�f
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F (n) = F (−n)
@�¸ÅEBQ�dxH7P�J�DFL LWV=L S=DFL �yL�f�H2G
b

F (n) = sin(αn + φ)
�"�=Q

n 6= 0
�(dOEBG�L�i#P�J¼bcV

I�Dcf
G
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α
V=L�S
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F (n+N) = ±F (n)
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_³EBL�f�DFG
b6DFL§S=Dcf��yL�f�H2G
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noi7I�DFE
α
L�i/P�J¦L1H7P�J�� i7TBM3DFL�S=DFQ�G
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sinα cot φ± = −U
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φ±(α) = arctan

[
sin (αN) ∓ sinα

± cosα− cos (αN)
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F (n) = sin (αn)
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MAEUDFL �"�=QXbcnoDFEO_�TUDFw#G
Q�i7L�DFL EBd ?cu�ph{yV=I=I1H2Q�S#p
~Xi#S=DFTBT��"�=Q
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ψ(Rn, Rm)
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∑

n1,m1

|ψ(n1,m1, k, l)|2 +
∑

n2,m2

|ψ(k, l, n2,m2)|2
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X1
<
X2 = 3>�:-�./,�&?� x1(x2)[55 a0]

;A@B� � �/,�*����C�
�
|ψ(x1, x2)|2

;�DE&(���'"%$:��,F-�./&(�G��&(��HI&(������������& � �
45 fs

J�K�K�L�M�N
O�P�Q�R
S�TUKWVX�Y�Z�[ O�O�P�Q]\4^�P`_%a [ L [ M [(b+Y�Z ^�P�L�c�d�e [ P�f [ M�M [ P�gBh b4[jiY�[ PGL�P [ L�P [(Zlk L�m [ P/c�L�^�PWn
κ = 1

n
X1 o X2 p i J:dFe/c [ V

x1(x2)[55 a0]
n�qBh Z K/c b h�MCh
V |ψ(x1, x2)|2

n�r [ L Y _%a:L ic�dFe [ PsN [ Pst [ L�M�K�L�M�N [(Z P
45 fs

JuM�cvPBw�d�e/c Y�[ cxa:L Z NyN
L [�z{[ a [ Q?O�P�Q|O�P/N X�Y�Z�[ O�O�P�Q}\4^�Py_%a [ L:~�M [(b�Y�Z ^�P [ P6h�P [ L�PBh�P/N [(Z L�Py_%a [ L k L im [ P/c�L�^�P [ P�L�m�� Z�Y c Z h�O�m�K [(Y�Z h�d�e Y�[(Y S�JuO
��Q Z O�P/NyN [ c�P�O�m [(Z L�c�d�e [ P5J�O
��a�h�P/N [ c b4� P�P [ P�e�L [(Z P�O ZX�� c Y�[ m [ m�L Y K�L�c{_%O
20
k L�c b+Z�[(Y L�c�L [(Z O�P�Q4c�cFd�e Z L Y�Y�[ P�g Z ^�� Z�Y c b ^+^ Z N
L�PBh Y�[ K [ eBh�P/N [ M Y a [(Z N [ PWS k L [ c [ cb M [ L�P [�� L Y�Y�[(Z L�m�� Z�Y c Z h�O�m [(Z MCh�O�K Y{b4[ L�P [�� ^�P/c Y�Z O b�Y L�^�PG\4^�P9f [ M�M [ P�gBh b4[(Y�[ PG_%O Z{k h Z c Y�[ M�M�O�P�Q)N [(Zt [ L�M�dFe [ P�m [ e Z S
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L�c b+Z�[(Y L�c�L [(Z�Y�[ P ��[ K�L [(Y�[ c�h�O
��eBh�M Y�[ PWSE~�c Z�[ c�O�M Y L [(Z�Y L�P�N [(Z a [ L Y�[(Z�[ P2r [ L Y�i[ P Y a:L�d b M�O�P�Q�_%O�PBw�dFe/c Y�[ L�P [ Q [(Z L�d�e Y�[(Y�[]z{[ a [ Q?O�P�Q�N [(Z K [ L�N [ P�~�M [(b�Y�Z ^�P [ P|h�O/clN [ Ps~�d b4[ Pse [(Z h�O/c nN/h [ L�P [�z{[ a [ Q?O�P�Q�L�P¡N
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K [ N
L�P�Q?O�P�Q [ P¢P�L�d�e Ym � Q?M�L�d�e6L�c Y S k h Z h�O/cxMCw�c�c Y c�L�d�e6N
O Z d�e [ L�P [ P£Q [%[ L�Q?P [(Y Q [ a{w�e�M Y�[ P¡J�P
��h�P�Q4c�_%O/c Y h�P/N [ L�P [�X L Y OBh Y L i^�P b ^�P/c Y�Z O�L [(Z�[ PWnWL�P¤N [(Z c�L�d�e�N
L [ K [ L�N [ P�t [ L�M�d�e [ P�_%O�PBw�dFe/c Y h�O
� [ L�PBh�P/N [(Z _%O|K [ a [ Q [ P¤O�P/N|N/h�P�Ph�P [ L�PBh�P/N [(Z Q [ c Y�Z�[ O Y a [(Z N [ PWS

k L [ Q [ c¥h�m Y�[ _ [ L Y M�L�d�e [ ~�P Y a:L�d b M�O�P�Q¤N
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O Z dFe6N
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L [ P�O�m [(Z L�c�dFe [¨z�[ eBh�P/N
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L�P�Q?O�P�Q [ P9K [ c Y L�m�m Y n [(Z m � Q?M�L�d�e Y h�K [(Z N
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L [X�� m�m [(Y�Z L [ N [(Z f [ M�M [ P
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O Z d�e)N
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<
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κ = 0
� � D ( Fhph��P�J�f�D /

x(y)[1,7 a0]
� 	�H2Q
I�f
w7H2T%H /

n(x, y)
��C�DFEBG�bcn�EUf�P�J�DFL§S=DFLj¾-DFEBTBI=EBTUS=DFQ
L

0,13 fs
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n(x, y)

�
C�DFEBG�bcn�EUf�P�J�DFL§S=DFL§¾�DFEBTBI=EBTUS=DFQ
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0,13 fs
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κ = 2
��H2L/G
EUf
�/dOdeDFG
Q
EUf�P�J�Dk¸kDFTBTUDFL�p

��V=L=w#G
EUi7L�� � D ( Fhph��P�J�f�D /
x(y)[1,7 a0]

� 	1H2Q
I�f
wAH2T%H /
n(x, y)
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g Le�ZH2a=EBG�DFT�?A@^\�@^mYEUf
G³M3DFb6DFEBMAG³nzi7Q�S=DFL��/S�H7f�f¢f
EUP�JxS�H7f�C�noDFEBG�DFEBTUP�J�DFL�ph¯�Q�i7I=TUDFd©H2V���DFEBL�DFd DFEBL�S�EBdeDFL�f
EUi2p
L1H2TUDFL�{yV=I=I1H2Q�S#pq�vEBG
G�DFQYI=EUfYH2V��oS�EUD ��Dcf
G
EBdOd[V=L=M¦S=DFQY��RAf
V=L=M3DFLkDFEBL�DFQ�G
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b6DFL�S=DFL/G�DFL��vTUDFEUP�J/V=L=M
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G�DvV=L�SO_�EBM3DFL=bcV�f
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G6@7{yEUDFQ�n�EBQ�S LWV=LOL�i#P�JxDFEBL=dxH2T
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V=L=M3DFL��"�=Q�S�H7f�C�noDFEUDFTUDFw#G
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EUf�P�J�D�C�DFEBG�DFLWG¶p
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Q
EUf�P�J�DFLx_³EBM3DFL=bcV�f
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k = 0

|ψ(t = 0)〉 =
1√
2

(
|1〉 �

� � �
k=0 + |2〉 �

� � �
k=0

)

dOEBG�S=DFQ�S�H2Q�H2V�f�Q�Dcf
V=TBG
EUDFQ�DFL�S=DFL���LWV=deDFQ
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G
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� � �
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� � �
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D i
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ε1t

√
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� � �
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w3DFL=L�DFL��³S�H7f�f S=DFQO¤3DFQ
noDFL�S=DFG�D§��TBM3i7Q
EBG
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Q�DFL=b
∆φn

D��yI=I�@#]�@^��H[i7I�DFL�F³noDFL=EBM3DFQ�H2TUf
2π/100

��V=L�S S=DFQ���DFG
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CED+D =0F�G�H+I+JLK�M0BONQP�R
S <�=0>?<�IT>VUW=�X?Y F0H+I+J[Z]\&I_^`Ua<�=cb�F�<�Y >5d?\&I�<�IeP:H�fg<�=ih
I�<�jkB`lmh�nEH D+D P:d?G hpo2=0>5>?<�dOq

U = 0,0 eV
q S <�=0>

^`UW=�r?X?s�<�ItG+<�ItuQ<�=0F D =0F�G+<�d5I
0,37 fs

qLv�P:d D r5Y/P:FwP�R

|ψ(k, l)|2

CmD+D =0F�G�H+I+JxK�M0BON D R
S <�=0>?<�I�>�UW=�X?Y F0H+I+JyZ]\&Iz^`U%<�={b�F�<�Y�>5d?\&I�<�I|P:H�f}<�=ih
I�<�j B`lmh�nmH D+D P:d?G hpo~=0>5>?<�dOq

U = 10,9 eV
q S <�=0>

^`UW=�r?X�s�<�I�G+<�I�u�<�=0F D =0F�G+<�d5I
0,37 fs

qLv�P:d D r5Y/P:FwP�R

|ψ(k, l)|2

C F�r%F�<�>5^`>?< C ITUa<�I�G�H+I+J)G+<�dW\ D <�I�<�IT>VUW=�X?Y]<�F0>?<�I���<�>5s�\ G+<�I�P:H�f�G�P&r�nEH D+D P:d?G h���\�G+<�F0F�UW=0d?GLITH+I�G�=�<
S <�=0>?<�I�>�UW=�X�Y�F0H+I+J�^`U%<�=�<�d�b�F�<�Y >5d?\&I�<�I�P:H�fa<�=0I�<�jt^`U%<�=�G�=0jg<�I�r5=�\&I�P:F�<�I�nEH D+D P:d?G hpo~=0>5>?<�d D <`\ D P&X?s�>?<�>OM
lAP:^`H$=�r5>�=0IgG+<�I CED+D =0F�G�H+I+J]<�IxK�M0B/B6P+q]K�M0B/B D H+I�GxK�M0B/B�XWG�=�<W^O<�=0>5F0=�X�s�<Eb�I�>�UW=�X?Y F0H+I+J}<�=0I�<`r S H�r5>�P:I�G+<`r
j$=0>A^`Ua<�=�=0I�G+<�I�b�X?Y]<�I D <`r�<�>5^`>?<�I�o~=0>5>?<�d5�+Fw�:>5^O<�I�P D J]< D =0F�G+<�>O�3=0I CmD+D =0F�G�H+I+J�K�M0B/B"PL^`H+I��&X�s�r5>�j$=0>
� <`X�s�r?<�F0UW=0d5Y H+I+J�q/j$=0>�nEH D+D P:d?G h

U 6= 0
q:G�P:^`H}=0j���<�d5J/F�<�=�X?s)=0I CmD+D =0F�G�H+I+J�K�M0B/B D \&s+I�< � <`X?s�r�<�F0UW=0d�h

Y H+I+J�q/j$=0>�nmH D+D P:d?G h
U = 0

M]��=0>
U 6= 0

=�r?>�P:H�X?sLs+=�<�d�<�=0I�<~;�>5d?<�H+H+I+J�Z]\&I C I�>?<�=0F�<�ILG+<�d%b�F�<�Y�>5d?\&I�<�I
^`HgG+<�I�; <�=0>?<�Ig^`H D <`\ D P&X�sT>?<�I3q�P:F0F�<�d?G�=0I+J]r�<�=0Igd?<�FwP:>5=0Z{^`H)G+<�I)��<�d?<`X�s+ITH+I+J]<�IL=0j��md5>?r5d�P:H+j�J]<�d5=0I+J]<�d
C IT>?<�=0F8q�U%<�=0Fas+=�<�d}G�=�< � <`X�s�r?<�F0UW=0d5Y�H+I+J�^`UW=�r?X�s�<�I�G+<�I�b�F�<�Y >5d?\&I�<�I�ITH+d{J/=0>5>?<�d5�+FwP:>5^OG�=wP:J]\&I�P:FWUW=0d5YTh
r,P:j�=�r5>OM& �I CmD+D =0F�G�H+I+J�K�M0B/B�X�=�r?>�G�=�< S <�=0>?<�IT>�UW=�X�Y�F0H+I+J$<�=0I�<`r�^`HgG+<�I CmD+D =0F�G�H+I+J]<�IxK�M0B/B6P2H+I�GgK�M0B/B D
<�I�>?r5�+d?<`X?s�<�I�G+<�I�;�¡ r?>?<�jgr¢J]<�^O<�=0J/>Oq�£�<`G+\ X?s)P:H�r?J]<�s�<�I�G}Z]\&Ig<�=0I�<�j¤P:IT>5=�r5¡ j$jg<�>5d5=�r?X?s�<�I��md5>?r5d�P:H+j$^`H�h
r?>�P:I�G¥M nm=�<�d�^O<�=0J/>WG+<�da��<�d5J/F�<�=�X�s�j$=0> CED+D =0F�G�H+I+J)K�M0B/B D q G�P&r?rWG�=�< � <`X?s�r?<�F0UW=0d5Y H+I+JgH+ITUW=0d5Y�r�P:j¦=�r5>Oq
UW=�<2j)P:I�<`rE<�d5UaP:d5>?<�I�UW§+d?G+</q+G+<�I+I�G�=�<AuQ<�=0F�X?s�<�I�Y]¨&I+I�<�I�r5=�X�s D <�d?<�=0>?r©r�X?s�\&I�P:H�rm;�¡ j$jg<�>5d5=�<�J/d5§+I�h
G+<�I�I+=�X?s�>gP:jªJ/F�<�=�X�s�<�I«o~=0>5>?<�d5�+FwP:>5^�P:H�f(s�P:F0>?<�I3q¢G�=�< � <`X?s�r?<�F0UW=0d5Y H+I+J�=�r5>{=0I�G�=�<`r?<�j¬��\�G+<�F0FWP D <�d
J]<�d�P&G+<�J/=0>5>?<�d5�+FwP:>5^OG�=wP:J]\&I�P:F¢P:I+J]<�I�\&j$jg<�I�U%\&d?G+<�I3M
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CED+D =0F�G�H+I+J�K�M0B/B"P�R
S <�=0>?<�IT>VUW=�X?Y F0H+I+J�Z]\&I�^`U%<�=�b�F�<�Y >5d?\&I�<�I P:H�f�<�=0I�<�j�K&lmh�nmH D+D P:d?G hpo~=0>5>?<�dOq¥r5¡ j$jg<�>5d5=�r?X?s3q

U = 4 eV
q

S <�=0>©^`UW=�r?X�s�<�I�G+<�I�uQ<�=0F D =0F�G+<�d5I
0,86 fs

q�v�P:d D r5Y/P:FwP�R
n(k, l)

CED+D =0F�G�H+I+J�K�M0B/B D R
S <�=0>?<�IT>�UW=�X�Y�F0H+I+J}Z]\&Ig^`Ua<�="b�F�<�Y >5d?\&I�<�ILP:H�f¥<�=0I�<�j
K&lEh�nmH D+D P:d?G hpo~=0>5>?<�dOq2r5¡ j$jg<�>5d5=�r?X?s3q

U = 0 eV
q

S <�=0>�^`UW=�r?X�s�<�I$G+<�I{u�<�=0F D =0F�G+<�d5I
0,86 fs

q�v"P:d D r5Y&P:FwP�R

n(k, l)

CmD+D =0F�G�H+I+JxK�M0B/B�X]R
S <�=0>?<�IT>VUW=�X?Y F0H+I+J}Z]\&Ig^`U%<�=�b�F�<�Y�>5d?\&I�<�I�P:H�f�<�=0I�<�j
K&lmh�nEH D+D P:d?G hpo2=0>5>?<�dOqyP:I�>5=�r5¡ j$jg<�>5d5=�r?X?s3q

U =
4 eV

q S <�=0>�^`UW=�r?X�s�<�I¬G+<�I u�<�=0F D =0F�G+<�d5I
0,86 fs

q
v�P:d D r5Y/P:FwP�R

n(k, l)
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l~=�<`r?<`rLK�P:�+=0>?<�F D <`r?X?s��4f�>5=0J/>Er5=�X�s�j$=0>EG+<�I�F0=0I�<OP:d?<�I�\&�+>5=�r?X?s�<�I�b�=0J]<�I�r?X?s�P4f�>?<�I�<�=0I�<`rmG�=0d?<�Y�>?<�I�n~P:F D h
F�<�=0>?<�d?rNM}=0j¬��<�d?<�=�X?s[G+<�dg��P:I�G�F0§�X�Y]<�I�<�I�<�d5J/=�</M%lAP:^`H�UW=0d?G�=0IOK�P:�+=0>?<�FL��M K�M0B�G�=�<�F0=0I�<OP:d?< C IT>�Ua\&d5>Oq
G�=�< ;�H�r?^O<��+>5= D =0F0=0>��:>OqE<�=0I�<`r�^`Ua<�=0Y]\&j$�6\&I�<�I�>5=0J]<�I�b�F�<�Y�>5d?\&I�<�I�r5¡�r5>?<�jgr�P�P:H�f$<�=0I �:HRQ]<�d?<`r�\&�+>5=�r�X?s�<`r
v�<�F�G�=0I�l~=0��\&F0I��:s�<�d5H+I+J D <�d?<`X�s+I�<�>OM¥b�r2^O<�=0J/>Ar5=�X?s�G�P D <�=8q�G�P&r?rAG�=�<{F0=0I�<OP:d?< C I�>�U%\&d5>�<�=0I�<`rAr?\&F�X?s�<�I
;�¡�r5>?<�jgr~P:H�f�<�=0I�\&�+>5=�r?X�s�<`r2<�F�<�Y�>5d?\&j)P:J/I�<�>5=�r?X�s�<`rAv�<�F�G�G�H+d?X?s�G�=�<�=0I+s�\&jg\&J]<�I�<}bDS�^`=0>?\&I�hpo~F�<�=�X?s�H+I+J
D <`r?X�s+d5=�< D <�I�UW=0d?G¥M� VjUTmP:s+jg<�I�G+<`rWb�S ^`=0>?\&I�h��a=0F�G+<`rmY]¨&I+I�<�I�G�P:j$=0>EG�=�<2F0=0I�<OP:d?<�I�\&�+>5=�r?X�s�<�I�b�=0J]<�I�h
r�X?s�P4f�>?<�I�<�=0I�<`r{n~P:F D F�<�=0>?<�d?r{=0I�<�=0I�<�jª<WV¥<�Y�>5=0Z]<�I S U%<�=0>?<�=0F�X�s�<�I�h��%=0F�G D <`r?X�s+d5=�< D <�I�U%<�d?G+<�I3M¢nm=�<�d D <�=
UW=0d?G�P:F0F�<�d?G�=0I+J]rWZ]\&d?<�d?r?>�G�=�<2��\�G�=YX�Y/P:>5=�\&I�G+<�dW<�F�<�Y�>5d?\&j)P:J/I�<�>5=�r�X?s�<�I�v�<�F�G+<�d©G�H+d?X?s�G�=�<~=0j¦��<`G�=0H+j
<�d5^O<�H+J/>?<2j)P:Y d?\/r5Y]\&�+=�r?X�s�<�Z�\&FwP:d5=�r�P:>5=�\&I�Z]<�d5I�P&X?s+Fw�&r�r5=0J/>OM���<�=¥r5>�P:d5Y]<�d�KE\&�+�+F0H+I+J)G+<�d©<�F�<�Y >5d?\&j)P:J/I�<	h
>5=�r�X?s�<�I�v�<�F�G+<�d{P:I G�=�<\[QP&G�H+I+J]r5>5d��:J]<�d}G+<`rc��<`G�=0H+jgrOq¥s+=�<�d{P:F�r�\�J]<�d�P&G+<g=0j ��<�d?<�=�X�s�G+<�d�b�S ^`=0>?\&I�h
Tm<`r?\&I�P:I+^O<�I�<�d5J/=�<�I3q"=�r5>©<�=0I�<�J]<�jg<�=0I�r�P:jg<���<�s�P:I�G�F0H+I+JLG+<�dL[�P&G�H+I+J]r5>5d��:J]<�d~G+<`rm��<`G�=0H+jgrmH+I�G�G+<�d
<�F�<�Y >5d?\&j)P:J/I�<�>5=�r?X�s�<�I�v�<�F�G+<�d%I�\&>VU%<�I�G�=0J�M�l~=�<`r?<©��<�>5s�\�G+<m<�d5J/= D >�j$=0>%G+<�Ixjg¨&J/F0=�X?s�<�ILJ]<�jg<�=0I�r�P:jg<�I
b�S ^`=0>?\&I�h!Z�s�\&>?\&I�h S H�r?>��:I�G+<�I[G+<`rg;�¡ r?>?<�jgr D <`r?r?<�d?<xb�d5J]< D I+=�r?r?<�=0jª��<�d5J/F�<�=�X?s j$=0>$bDS���<�d5=0jg<�IT>?<�I3M
;�=�<mf�§+s+d5>�^`H�G+<�dWb�=0I�f�§+s+d5H+I+JgI�<�H�<�dL]mH�P&r5=0>?<�=0F�X�s�<�I3q�G+<�I�r?\&J]<�I�P:I+IT>?<�I^Z�\&FwP:d5=0>?\&I�<�I3q+H+j¦G�=�<2jg¨&J/F0=ih
X�s�<�I C H�r D d?<�=0>5H+I+J]r5jg\ G+<�I�G+<�d©<�F�<�Y�>5d?\&j)P:J/I�<�>5=�r�X?s�<�I�v�<�F�G+<�d©=0j ��<`G�=0H+j¦H+IT>?<�dEr5>�P:d5Y]<�d_KE\&�+�+F0H+I+J
P:I�G+<`r�r?<�I`[QP&G�H+I+J]r5>5d��:J]<�d�^`H D <`r?X�s+d?<�= D <�I3M3 VI`K�P:�+=0>?<�F<��M K�Ma�LUW=0d?G�G�P&rbKm\&I+^O<��+>�G+<�d�Z�\&FwP:d5=0>?\&I�<�I
r?�6<�^`=�<�F0F�f�§+d�b�S ^`=0>?\&I�h!Z�\&FwP:d5=0>?\&I�<�I J]<�I�P:H�<�d�Z]\&d5J]<`r?>?<�F0F0>OMQ Vj G�d?<�=�G�=0jg<�I�r5=�\&I�P:F�<�I3q�H+I�<�I�G�F0=�X?s P:H�r5J]<	h
G+<�s+I�>?<�IcK2d5=�r5>�P:F0F�FwP&r?r?<�I�r5=�X�s G�=�<d[3¨/r5H+I+J]<�I�G+<�d�=0I+s�\&jg\&J]<�I�<�I�b�S ^`=0>?\&I�hpo~F�<�=�X�sTH+I+J�I�P&X?s�G+<�I D <	h
Y/P:I+IT>?<�I3q]UaP&r?r?<�d?r?>?\eV¥P:d5>5=0J]<�If[3¨/r5H+I+J]<�I)G+<�d�<�I�>?r5�+d?<`X?s�<�I�G+<�ILs�\&jg\&J]<�I�<�I�o2F�<�=�X?sTH+I+J�q G+<�d � P:I+I+=�<�d�h
o2F�<�=�X?sTH+I+J�q:<�IT>VUW=�X?Y]<�F0I3M/v�§+d�G+<�I� �j)P:J/=0I��:d5>?<�=0F�G+<�d¢;�H�r5^O<��+>5= D =0F0=0>��:>¢G+<`r�;�¡�r5>?<�jgr3f�\&F0J/>�G�P:d�P:H�rQJ]<�d�P&G+<
G�=�<}r?\&J]<�I�P:I+I�>?<d�&lmh�b�F0F0=�\&>5>�h�v�\&d5jg<�F8MQ Vj�G�d?<�=�G�=0jg<�I�r5=�\&I�P:F�<�I�K2d5=�r5>�P:F0F¢=�r5>2Ua<�=0>5J]<�s�<�I�G�<�=0I�<$P:I�P:F0¡�>5=ih
r�X?s�< C I�P:F0¡ r?<�G+<�d�\&�+>5=�r?X�s�<�I)b�=0J]<�I�r?X�s�P4f(>?<�ILG+<`r D <`r?X?s+d5=�< D <�I�<�Ix;�¡ r?>?<�jgr�=0j�bDS�^`=0>?\&I�h��%=0F�Ggjg¨&J/F0=�X?s3M
 VIdK�P:�+=0>?<�F
��Ma�~UW=0d?Gg<�=0I)d��:H+j$F0=�X?s)=0I+s�\&jg\&J]<�I�<`rW;�¡�r5>?<�j D <�>5d�P&X�sT>?<�>OqT=0I)G+<�j¤G�=�<W��<�U%<�J/F0=�X�s+Y]<�=0>aG+<�d
b�S ^`=0>?\&I�<�I�=0I�<�=0I�<�d�T~P:H+jgG�=0jg<�I�r5=�\&I3q3G+<�d

z
h!T©=�X�sT>5H+I+J�q�<�=0I+J]<`r?X?s+d��:I+Y >�=�r5>Oq�H+I�G�<�=0I�<�g�f�d?<�=�<$��<�U%<	h

J/H+I+JehcG+<�d~bDS ^`=0>?\&I�<�I�=0jiK2d5=�r5>�P:F0FQITH+d~I�\�X�s�=0I�G+<�d
x
h
y
h�b D <�I�<�jg¨&J/F0=�X�s�=�r?>OM C H�rmG�=�<`r?<�dEr5��<�^`=�<�F0F�<�I
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∑
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†
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†
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, Vq =
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∑
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=
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∑
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Ee,h
k

=
E ��� N

2
+

h̄2

2m∗
e,h

k2
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m∗
e

H+I�G
m∗

h

G�H+d?X�s G+<�I�K2d5=�r5>�P:F0F D <�U%<�J]<�I Y]¨&I+I�<�I3M C I�G�=�<`r�<�d�;�>?<�F0F�<$UW=0d?G P:F�r?\�<�=0I�<
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D <`r?X�s+d��:I+Y]<�I3M+lm=�<bZ�\&FwP:d5=�r�P:>5=�\&I�G+<`r©P:I+d?<�J]<�I�G+<�I�<�F�<�Y�>5d5=�r?X�s�<�I�v�<�F�G+<`r ~E(ω)

UW=0d?G�G�P:^`H�r?\{J]<�U��:s+F0>Oq
G�P&r�rgJ]<�d�P&G+< ~d ↑

c,v
~E(ω) = 0

H+I�G ~d ↓
c,v
~E(ω) = dc,vE(ω)

r?=0I�G¥M�lAP&G�H+d?X?s J]<�IT§+J/>�<`rxP D £5<�>5^`>)I�H+d
I�\ X?s�G�=�< O ψ↓

~k
=̂ ψ~k

P�h!Km\&j$�6\&I�<�I�>?< G+<�d�b�S ^`=0>?\&I�h
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ψ↑
~k
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t
R M�M

t −→ ω (h̄ω + iγ −Ek)ψ~k(ω) +
1

V

∑

~k

V~k~k′ψ~k′(ω) = −dc,vE(ω) O ��M @ P

j$=0>
Ek = Ee

k +Eh
k = E ��� N +

h̄2k2

2µ∗
j$=0> 1

µ∗
=

1

m∗
e

+
1

m∗
h
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~k −→ ~r

[
h̄ω + iγ −E ��� N +

h̄2

2µ∗
∇2

~r + V (~r)

]
ψ(~r, ω) = −dc,vE(ω)δ(~r) O ��MY��P

j$=0> 1

µ∗
=

1

m∗
e

+
1

m∗
h

H+I�G
V (~r) =

e2

4πε0ε|~r|
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l~=�<�[3¨/r5H+I+J]<�IxG�=�<`r�<�d�=0I+s�\&jg\&J]<�I�<�Ixl~=YV�<�d?<�I�>5=wP:F0J/F�<�=�X?s�H+I+J$FwP&r?r?<�Igr5=�X�s$I�P&X?sxG+<�I D <�Y/P:I+IT>?<�I [3¨/r?H+I�h
J]<�I�G+<�d©^`H+J]<�s�¨&d5=0J]<�I�s�\&jg\&J]<�I�<�I�o~F�<�=�X�sTH+I+J�q�G+<�dmr?\&J]<�I�P:I+IT>?<�I � P:I+I+=�<�d�hpo~F�<�=�X?s�H+I+J

[
− h̄2

2µ∗
∇2 − V (~r) +E ��� N − iγ

]
ψν(~r) = (Eν +E ��� N − iγ)ψν(~r)

<�IT>VUW=�X?Y]<�F0I3R

ψ(~r, ω) =
∑

ν

bν(ω)ψν(~r)

l~=�< [3¨/r5H+I+J]<�I
ψν(~r)

G+<�d � P:I+I+=�<�d�hpo~F�<�=�X�sTH+I+Jz<�IT>?r5�+d?<`X�s�<�IeG+<�I_b�=0J]<�I�f�H+I+Y >5=�\&I�<�I G+<`r � P&r?r?<�d�h
r5>?\eV3P:>?\&jgrEj$=0>E<WV¥<�Y >5=0Z]<�I^Z¢P:d�P:jg<�>?<�d5I�f�§+dmG�=�<cb�F�<�Y�>5d?\&I�h![Q\�X�s�h���P&r?r�<�I�H+I�G�G�=�<�r5>�P:>5=�r?X�s�<�l~=�<�F�<�Y�h
>5d5=0^`=0>��:>?r5Y]\&I�r5>�P:I�>?<

ε �
r�\OU%\&s+F2f�§+d�G�=�<�J]< D H+I�G+<�I�<�I|P:F�r�P:H�X�s f(§+d�G�=�<�;�>5d?<�H+^`H�r5>��:I�G+</MWl~=�<�s+=�<�d

P:H�f(>5d?<�>?<�I�G+<�bDS�^`=0>?\&I�h��%=0I�G�H+I+J]r�<�I�<�d5J/=�<
E1

UW=0d?G�=0j v�\&F0J]<�I�G+<�I�P:F�rEb�=0I+s�<�=0>EG+<�dEb�I�<�d5J/=�<
Ex
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0

P:F�r�[Q�:I+J]<�I�<�=0I+s�<�=0>Oq�r5=�<�s�<�G�P:^`H�P:H�X�s C I+s�P:I+J C M0B/M
T~P&X�sgb�=0I�r?<�>5^O<�I$G�=�<`r?<�d�b�I�>�UW=�X�Y�F0H+I+J�=0I$G�=�<a=0I+s�\&jg\&J]<�I�<©bDS�^`=0>?\&I�hpo~F�<�=�X�sTH+I+JcH+I�G}��<`r5>5=0j$j�H+I+JcG+<�d
b�IT>VUW=�X?Y F0H+I+J]r5Y]\ < � ^`=�<�IT>?<�I�Fw�&r?r5>Wr5=�X�s�G�=�<b[Q¨/r5H+I+J$G+<�dW=0I+s�\&jg\&J]<�I�<�I�bDS�^`=0>?\&I�hpo~F�<�=�X?s�H+I+JLP:I+J]< D <�I3R

ψ(~r, ω) = −dc,vE(ω)
∑

ν

ψ∗
ν(~r = 0)

1

h̄ω + iγ −E ��� N −Eν
ψν(~r) O ��M ��P

v�§+dEG�=�<2j)P:Y�d?\/r?Y]\&�+=�r?X?s�< Z�\&FwP:d5=�r�P:>5=�\&I�f�\&F0J/>©G�P:I+I�I�P&X?s�o2F�<�=�X?sTH+I+J O ��M K�P	R

P (ω) =
1

V

∑

~k

[
d∗c,vψ~k(ω) + dc,vψ

∗
~k
(ω)
]

= −|dc,v|2E(ω)
∑

ν

|ψν(~r = 0)|2
[

1

h̄ω + iγ −E ��� N −Eν
− 1

h̄ω + iγ +E ��� N +Eν

]

nE=�<�dWUWH+d?G+<�G�=�<Av�\&H+d5=�<�d5>5d�P:I�r�f�\&d5j$=�<�d5>?<�G+<�d � D <�d5JTP:I+J]r�P:j$�+F0=0>5H�G+<�Z]<�d5Ua<�I�G+<�>OR

ψ~k
(ω) =

∫ G 3r
< i~k~rψ(~r, ω)

H+I�G�G�P:j$=0> 1

V

∑

~k

ψ~k
(ω) =

∫ G 3r
1

V

∑

~k

< i~k~rψ(~r, ω) = ψ(~r = 0, ω)

lAP&r}s�<�= Q/>Oq�G�=�<L\&�+>5=�r�X?s�<�;�H�r5^O<��+>5= D =0F0=0>��:> O F0=0I�<OP:d?< C IT>VU%\&d5>xP:H�f2\&�+>5=�r?X?s�<�v�<�F�G+<�d_P�f(§+d
e−

h
h
h!Z�P/P:d�h

C I+d?<�J/H+I+J]<�I�=�r5>©G�P:j$=0>OR

χ(ω) = −|dc,v|2
∑

ν

|ψν(~r = 0)|2
[

1

h̄ω + iγ −E ��� N −Eν
− 1

h̄ω + iγ +E ��� N +Eν

]
O ��M � P

nE=�<�d D <�=�=�r5>$G+<�d}^`U%<�=0>?<�;�H+j$j)P:I�G�=0I«o~F�<�=�X�sTH+I+J O ��M � P�<�=0I�I+=�X?s�>gd?<`r?\&I�P:I�>?<�d C I�>?<�=0F�f(§+d}��\/r5=0>5=0Z]<
v+d?<���H�<�I+^O<�I

ω > 0
H+I�G�jg<�=�r?>©Y�F�<�=0I3q�U%<`r5s�P:F D <�dW=0I�G+<�I�f�\&F0J]<�I�G+<�I���<�>5d�P&X?s�>5H+I+J]<�I�Z]<�d5I�P&X�s+Fw�&r?r5=0J/>

UW=0d?G¥M C H�r�G+<�j  �j)P:J/=0I��:d5>?<�=0F%Z]\&I
χ(ω)

<�d5J/= D >cr5=�X�s�G�=�< CmD r?\&d5�+>5=�\&I�G+<`r���<`G�=0H+jgr�H+I�G�P:H�r�G+<�j
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Km\&I 
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H+I�G |ψν(~r = 0)|2 q%G�=�< � P:s+d?r�X?s�<�=0I�h
F0=�X�s+Y]<�=0>gb�F�<�Y >5d?\&I H+I�G [Q\�X�s P:j¬r?<�F D <�I«�md5> D ^`U�M�=0I G+<�d$r?<�F D <�I o2=0>5>?<�d5^O<�F0F�<�^`HcX�I�G+<�I3M¢lAP:d�P:H�r
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s
hVP:d5>5=0J]<2bDS ^`=0>?\&I�h S H�r?>��:I�G+<2P:I�\&�+>5=�r?X�s�<~v�<�F�G+<�daY]\&�+��<�F0I3q

Ua<�=0F¢f(§+d�P:F0F�<$P:I�G+<�d?<�I l~d?<�s+=0j$�+H+F�r�h!Km\&j$�6\&I�<�I�>?<�I |ψν(~r = 0)|2 = 0
J/=0F0>OM�bDS �+F0=0^`=0>?<`r C H�r5d?<`X�s+I�<�I

G+<`rx �j)P:J/=0I��:d5>?<�=0F�rxZ]\&Iyo2F�<�=�X?sTH+I+J O ��M �,P$<�d5J/= D >xj$=0>)G+<�I D <�Y/P:I+IT>?<�I � P&r�r?<�d?r5>?\eV6h S H�r5>��:I�G+<�I[G�=�<
r�\&J]<�I�P:I+IT>?< �&lmh�b�F0F0=�\&>5>�h�v�\&d5jg<�F8R

Imχ3D(ω) = −|dc,v|2
a3

0

[ ∞∑

n=1

1

n3
δ(h̄ω −E ��� N −E3D

n ) +
1

4EB
Θ(∆)

< π√
∆

sinh π√
∆

]
O ��M���P

j$=0>
∆ = h̄ω −E ��� N

�ms+I�<}<�I�G�F0=�X�s�<glA�:j$��f(H+I+J�<�d5UaP:d5>?<�>cj)P:I�H+I�>?<�d���<�d5§�X?Y�r5=�X?s�>5=0J/H+I+J�G+<�dAbDS�^`=0>?\&I�<�I�H+IT>?<�d5s�P:F D G+<�d
�WP:I�G�F0§�X�Y]<�I�<�I�<�d5J/=�< G�=�r?Y�d?<�>?< CmD r?\&d5�+>5=�\&I�r5F0=0I+=�<�I3q�<�IT>?r5�+d?<`X�s�<�I�G�G+<�j J]< D H+I�G+<�I�<�I � P&r?r�<�d?r5>?\eV"h
;���<�Y >5d5H+j�j$=0>�<WV�<�Y >5=0Z]<�I Z¢P:d�P:jg<�>?<�d5I3M CmD G+<�d��WP:I�G�F0§�X?Y]<�I�<�I�<�d5J/=�<mf�\&F0J/>�<�=0IgY]\&IT>5=0I�H+=�<�d5F0=�X?s�<`rWb�=0I�h
r�<�>5^O<�I�G+<�d CmD r?\&d5�+>5=�\&I�G+<`rcv�<`r5>5Y]¨&d5��<�d?r{G�H+d?X?s�<WS ^`=0>?\&I+=�r?X�s�<x VIT>?<�d D P:I�G h!Z�\&FwP:d5=�r�P:>5=�\&I3M C F0F�<�d?G�=0I+J]r
=�r?>aG+<�d CmD r?\&d5�+>5=�\&I�r5Y]\ < � ^`=�<�IT>©G+<`r�KE\&I�>5=0ITH+H+jgrE=0j b�S ^`=0>?\&I�<�I�h��a=0F�G�I+=�X?s�>Wjg<�s+d��+d?\&�6\&d5>5=�\&I�P:F¥^`H+d
b�=0IT>?<�=0F�X?s�<�I�h S H�r?>�P:I�G+r?G�=�X?s�>?</q�H+I�Gg=0I�r D <`r?\&I�G+<�d?<mG�H+d?X?sLG�=�< �a\&H+F�\&j D h � <`X�s�r?<�F0UW=0d5Y H+I+Jgr5>�P:d5Y}§ D <�d�h
s�¨&s�>Oq�r5=�<�s�<do ��H�� ��P:d?G+\&I�P�q�B � � �eq�M
�a=�r5s�<�dEs�P D <�I�UW=0dEH+I�rW=0I�G�=�<`r?<�j K�P:�+=0>?<�F�j$=0>E<�=0I�<�j Z]<�d?<�=0I�f8P&X?s�>?<�I�;�¡�r5>?<�j D <`r?X�s��4f(>5=0J/>Oq�U%<�=0FQG+<�d
<�I�G�F0=�X�s�<A �j$�+H+F�r

~q
G+<`rW<�F�<�Y�>5d?\&j)P:J/I�<�>5=�r?X�s�<�I�v�<�F�G+<`rWZ]<�d5I�P&X�s+Fw�&r?r5=0J/>WUa\&d?G+<�I�=�r5>OM�b�I�G�F0=�X?s�<�dE Vj$�+H+F�r

G+<`r2v�<�F�G+<`rAf(§+s+d5>�P D <�dmJ]<�d�P&G+<$G�P:^`H3q�G�P&r?r ~E~q 6=0
h�v�\&H+d5=�<�d5Y]\&j$��\&I�<�IT>?<�I�G+<`rA<�F�<�Y�>5d5=�r�X?s�<�I�v�<�F�G+<`r2=0I

G+<�d�n~<�d5F�<�=0>5H+I+J{G+<�da=0I+s�\&jg\&J]<�I�<�I�bDS ^`=0>?\&I�hpo2F�<�=�X?sTH+I+J)j$=0> D <�d5§�X�Y r5=�X�sT>5=0J/>©Ua<�d?G+<�I�jc§�r?r?<�I3M ��<�="G+<�d
C I+d?<�J/H+I+J�<�=0I�<`rmbDS�^`=0>?\&I�r~UW=0d?G�P:H�f�G�=�<`r�<`rmG+<�d2<�I�G�F0=�X?s�<} Vj$�+H+F�r

~q
G+<`r�Z�s�\&>?\&I�r2§ D <�d5>5d�P:J]<�I3M"l~=�<	h

r�<�d� �j$�+H+F�r
~q
G+<`rcv�<�F�G+<`rAf�§+s+d5>A=0I G+<�j H+I�<�I�G�F0=�X?s�P:H�r5J]<`G+<�s+IT>?<�I3q�G�d?<�=�G�=0jg<�I�r5=�\&I�P:F�<�I K2d5=�r5>�P:F0F�^`H

<�=0I�<�d$; X?s�U%<�d5�+H+I+Y > D <�Ua<�J/H+I+J G+<`rcbDS�^`=0>?\&I�rOM	kEI�>?<�d���<�d5§�X?Y�r5=�X?s�>5=0J/H+I+J�<�I�G�F0=�X?s�<�d} �j$�+H+F�r?<
~q
f�\&F0J/>

J]<�d�P&G+<2G�=�<~=0I+s�\&jg\&J]<�I�<AbDS�^`=0>?\&I�hpo~F�<�=�X?s�H+I+J)=0I
k
h�lAP:d?r5>?<�F0F0H+I+J$=0IjTE<�FwP:>5=0Z�h�H+I�G�; X?s�U%<�d5�+H+I+Y >5Y]\�\&d�h

G�=0I�P:>?<�I3R M P

ih̄
∂

∂t
ψ~k,~q

=
(
Ee

k +Eh
k +EX

~q

)
ψ~k,~q

− dc,vE~q −
1

V

∑

~k′

V~k~k′ψ~k′,~q

D ^`U�M�=0I��md5>?r?G�P:d?r5>?<�F0F0H+I+J)j$=0>mbDV�<�Y >5=0Z]<�d�h���P&r?r?<	h�T2�:s�<�d5H+I+J�R
[
h̄ω + iγ −E ��� N +

h̄2

2µ∗
∇2

~r +
h̄2

2M∗∇
2
~R

+ V (~r)

]
ψ(~r, ~R, ω) = −dc,vE(~R, ω)δ(~r) O ��M ��P

l~=�<�<�IT>?r?�+d?<`X?s�<�I�G+<�s�\&jg\&J]<�I�< � P:I+I+=�<�d�hpo2F�<�=�X?sTH+I+J�FwP:H+>?<�>$H+IT>?<�dg��<�d5§�X�Y r5=�X�sT>5=0J/H+I+J�G+<�dx; X?sTUa<�d�h
�+H+I+Y > D <�U%<�J/H+I+J�R

[
− h̄2

2µ∗
∇2

~r −
h̄2

2M∗∇
2
~R
− V (~r)

]
Φ(~r, ~R) = E ����� Φ(~r, ~R) O ��M0BON�P

r§�
EX~q

�;w���w�ya�!�e�lw��|�eyaw�}	~lyaw��0�ew�}I��yaw>~lw�}9a��!�N{�w�}Izl�e�l���I�;w�{�w����e�e�<~lw�u �DX���yn�I�W�lu�ªeya���	��w��N�Iya¯Fw�})��
©��u)u)w���­¥®��ew�}I�e�e�	�
EX~q = h̄2q2

2M∗
��yn�

M∗ = m∗
e +m∗

h

�
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 �I�<�=0I�<�j¦G�d?<�=�G�=0jg<�I�r5=�\&I�P:F�<�I K2d5=�r5>�P:F0F�FwP&r?r�<�ILr5=�X�s�P D <�d�TE<�FwP:>5=0Z�h�H+I�G�; X�sTU%<�d5�+H+I+Y > D <�U%<�J/H+I+JLZ]\&I�h
<�=0I�P:I�G+<�d�r?<���P:d5=�<�d?<�I3qWUa<�=0FcG�P:I+I P:F�r�<�=0I+^`=0J]<`T~P:I�G D <`G�=0I+J/H+I+J[G�=�< Tm\&d5j$=�<�d D P:d5Y]<�=0>�G+<�d � <�F0F�<�I�h
f(H+I+Y >5=�\&I�<�I�J]<`r5>?<�F0F0>�U%<�d?G+<�I�j�H�r?rOq�P:I�P:F�\&J$^`H+j � P&r?r?<�d?r5>?\eV3P:>?\&j�M�l2P&G�H+d?X�s�U%<�d?G+<�I�G�=�<mf�\&F0J]<�I�G+<�I
D <�=�G+<�I�b�=0J]<�ITUa<�d5>5J/F�<�=�X?sTH+I+J]<�I J]<�J]< D <�I3R

[
− h̄2

2µ∗
∇2

~r − V (~r) +E ��� N − iγ

]
ψν(~r) = (Eν +E ��� N − iγ)ψν(~r)

[
− h̄2

2M∗∇
2
~R

]
φq(~R) = EX

q φq(~R)

j$=0>
E ����� = Eν +E ��� N +EX

q = Eν +E ��� N +
h̄2q2

2M∗
H+I�G

Φ(~r, ~R) = φq(~R)ψν(~r) =
1

V

< −i~q ~Rψν(~r)

v�§+dgG+<�I G�d?<�=�G�=0jg<�I�r5=�\&I�P:F�<�I?K2d5=�r5>�P:F0F©<�d5J/= D >gr?=�X?s G�P:d�P:H�rgG�=0d?<�Y >gG+<�d{f(§+d$��\/r5=0>5=0Z]<�v+d?<���H�<�I+^O<�I
ωd?<`r?\&I�P:IT>?<���<�=0>5d�P:Jg^`H�G+<�dWITH+I

q
hVP D s��:I+J/=0J]<�I�;�H�r5^O<��+>5= D =0F0=0>��:>mG+<`r~;�¡ r5>?<�jgr�R

χ(q, ω) = −|dc,v|2
∑

ν

|ψν(~r = 0)|2
[

1

h̄ω + iγ −E ��� N −Eν − h̄2q2

2M∗

]
O ��M0B/B6P

 �j�=�G+<OP:F0=�r5=�<�d5>?<�I3q�G�d?<�=�G�=0jg<�I�r5=�\&I�P:F�<�I K2d5=�r5>�P:F0F6F0=�<	f�<�d5>aG�=�<mb�S ^`=0>?\&I�hp; X�sTU%<�d5�+H+I+Y > D <�U%<�J/H+I+J�P:F�r?\�I�H+d
<�=0I�<�I«P&G+G�=0>5=0Z]<�I ��<�=0>5d�P:J h̄2q2

2M∗
^`H+j Tm<`r?\&I�P:I+^`I�<�I+I�<�d)G+<�d);�H�r5^O<��+>5= D =0F0=0>��:>)G+<`r);�¡�r5>?<�jgrOM¢v�§+d$<�=0I

;�¡ r?>?<�j j$=0>m<�I�G�F0=�X�s�<�dEd��:H+j$F0=�X?s�<�d C H�r?G+<�s+ITH+I+JxFw�&r?r5>Er?=�X?s�P D <�dEG�=�<{o2F�<�=�X?sTH+I+J O ��M0BON�PaI+=�X�sT>mjg<�s+d
G�H+d?X?s�; <���P:d�P:>5=�\&I�Z]\&I�; X?s�U%<�d5�+H+I+Y >�h©H+I�G^Tm<�FwP:>5=0Z D <�U%<�J/H+I+JLF�¨/r?<�I3q"G�P)G�=�<`r?<�G�P:I+I�§ D <�dmG�=�<cI�\&>�h
U%<�I�G�=0J]<�I3q £5<�I�P&X�s�oA<`\&jg<�>5d5=�<{G+<`r�K2d5=�r5>�P:F0F�r2r5��<�^`=�<�F0F�<�I3q
T~P:I�G D <`G�=0I+J/H+I+J]<�I�J]<�Y]\&�+��<�F0>2r5=0I�G¥M"b�=0I�<
P:I�P:F0¡�>5=�r�X?s�<�[3¨/r5H+I+JcG+<`r<Z�d?\ D F�<�jgraH+I�Gg<�=0I�<mP:I�P:F0¡ >5=�r?X?s�< C I+JTP D <EG+<�d�;�H�r5^O<��+>5= D =0F0=0>��:>aG+<`r�;�¡ r?>?<�jgr
r5=0I�G�G�P:I+I�=0j C F0F0J]<�jg<�=0I�<�I�I+=�X?s�>©jg<�s+d�jg¨&J/F0=�X?s3M+l~=�<~Z]<�d��:I�G+<�d5>?<�I�\&�+>5=�r?X?s�<�I�b�=0J]<�I�r�X?s�P4f�>?<�I�<�=0I�<�d
n~P:F D F�<�=0>?<�d?r�X?s+=�X?s�>©j$=0>�=0IL<�=0I�<�d�TmP:H+j$d5=�X�sT>5H+I+J)<�I�G�F0=�X�s�<�d C H�r�G+<�s+ITH+I+J}U%<�d?G+<�I�G+<`r5s�P:F D =0I6K�P:�+=0>?<�F
��Ma�}ITH+jg<�d5=�r�X?s�H+I�>?<�d?r5H�X?s�>OM

� ������� �>��'��������
��� 8� 
	 2�' �
��� 798 : ����
���2�7�� ' 8 5 )���0?�($@2�2
 �j F�<�>5^`>?<�I K�P:�+=0>?<�FT=�r?>3G�=�<<�&lmh�b�F0F0=�\&>5>�h�v�\&d5jg<�F O ��M�� P6j$=0>�G+<�I D <�Y/P:I+IT>?<�I � P&r?r?<�d?r5>?\eV6h�b�=0J]<�I+^`H�r5>��:I�G h
<�I�P:I�P:F0¡ >5=�r?X?s�P:I+J]<�J]< D <�I Ua\&d?G+<�I3MQ VI�G�=�<`r?<�j K�P:�+=0>?<�F%UW=0d?G�^`H+I��&X?s�r5>�Z]\&d D <�d?<�=0>?<�I�G�P:H�f�G�=�<)r5���4h
>?<�d?<�I��a<�d?<`X�s+ITH+I+J]<�I�G�=�<~=0I+s�\&jg\&J]<�I�<AbDS�^`=0>?\&I�hpo~F�<�=�X�sTH+I+J O ��M @ P�=0j G�d?<�=�G�=0jg<�I�r5=�\&I�P:F�<�I3q+H+I�<�I�G�F0=�X?s
P:H�r5J]<`G+<�s+IT>?<�I K2d5=�r5>�P:F0F¢=0I�bDV¥<�Y�>5=0Z]<�d�h���P&r?r?<	h�T2�:s�<�d5H+I+J�=0I CED s��:I+J/=0J/Y]<�=0>�G+<�d C I+d?<�J/H+I+J]r�f�d?<���H�<�I+^
ITH+jg<�d5=�r?X�s[J]<�F�¨/r?>OM�lAP:d�P:H�r)<�d5J/= D >xr?=�X?s j$=0>)<�I�G�F0=�X�s�<�dLlA�:j$��f�H+I+J G+<�d) Vj)P:J/=0I��:d5>?<�=0FmG+<�dL;�H�r?^O<���h
>5= D =0F0=0>��:>xG+<`r�;�¡ r5>?<�jgr)\&s+I�<�; X?s�U%<�d5�+H+I+Y >5=0j$�+H+F�rOqWP:F�r?\�f�§+d

~q = 0
M% �j¬H+I�<�I�G�F0=�X�syP:H�r?J]<`G+<�s+IT>?<�I

K2d5=�r5>�P:F0F�s�P:>�G�=�<{^`H D <�>5d�P&X�sT>?<�I�G+<$=0I+s�\&jg\&J]<�I�<)bDS ^`=0>?\&I�hpo2F�<�=�X?sTH+I+J O ��M @ P©f�§+d2G�=�<$b�F�<�Y�>5d?\&I�h![3\ X?s�h
� D <�d5JTP:I+J]r�P:j$�+F0=0>5H�G+<

ψ~k
(ω)

j$=0>$<�=0I�<�d}Y�F�<�=0I�<�I3q��+s��:I�\&jg<�I�\&F�\&J/=�r?X�s[<�=0I+J]<	f�§+s+d5>?<�I�lA�:j$��f�H+I+J
iγf�\&F0J]<�I�G+<{o2<`r5>�P:F0>OR

(h̄ω −Ek + iγ)ψ~k
(ω) +

1

V

∑

~k

V~k~k′ψ~k′(ω) = −dc,vE(ω) O ��M0BOK�P

j$=0>
Ek = E ��� N +

h̄2k2

2µ∗
j$=0> 1

µ∗
=

1

m∗
e

+
1

m∗
h
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��P:I�<�d5s��:F0>Af�§+d2G�=�r?Y�d?<�>AF0=�<�J]<�I�G+< ~k h8��<�Y >?\&d?<�I�<�=0I�<$��P:>5d5=YS�J/F�<�=�X?s�H+I+J�^`H+d���<`r5>5=0j$j�H+I+J�G+<�d � D <�d�h
JTP:I+J]r,P:j$�+F0=0>5H�G+< D <�=�Z]\&d5J]<�J]< D <�I�<�j¦<WS >?<�d5I�<�I

E
h�v�<�F�G¥M b�r%UW=0d?G)s+=�<�daUW=�<`G+<�d�<�=0I)=�r?\&>5d?\&��<`r�H+I�Gx=0I�r�h

D <`r?\&I�G+<�d?< ~k h8H+I�P D s��:I+J/=0J]<`rcl~=0��\&F0j)P:>5d5=YS�<�F�<�jg<�I�>�Z]<�d5U%<�I�G+<�>OM	kEj�G�=�<g;�¡ j$jg<�>5d5=�<gG+<�dco~F�<�=�X?s�H+I+J

O ��M0BOK*PEP:H�r5I�H+>5^O<�I�^`H�Y]¨&I+I�<�I3q�=�r5>~<`r2^`Ua<`X?Y j)�eQ/=0J�G�=�<`r?<�=0I K2H+J]<�F0Y]\�\&d?G�=0I�P:>?<�I�^`H�>5d�P:I�r�f�\&d5j$=�<�d?<�I3M
l~=�<�=0I�bDV�<�Y >5=0Z]<�d�h���P&r?r?<	h�T2�:s�<�d5H+I+J�<�=0I+J]<`r?<�>5^`>?<}��P:I�G+r?>5d5H+Y�>5H+d2=�r5> D <�d?<�=0>?r~I�H+dAZ]\&I |~k| P D s��:I+J/=0J�qs�P:>cP:F�r�\jK2H+J]<�F�r5¡�j$jg<�>5d5=�</M�l2<�dAUW=0I+Y]<�FwP D s��:I+J/=0J]<xu�<�=0F�G+<�d � D <�d5JTP:I+J]r�P:j$�+F0=0>5H�G+<)Fw�&r?r5>�r5=�X�s�I�P&X?s
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χ(q, ω) = −|dcv|2
∑

ν

|ψν(~r = 0)|2

h̄ω + iγ −E ��� N −Eν − h̄2q2

2M∗
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χ(q, ω) = − |d1|2

h̄ω −E1 −E ��� N − h̄2q2

2M∗ + iγ
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ε(q, ω) = n2
bg +

χ(q, ω)

ε0
= n2

bg −
1

ε0

|d1|2

h̄ω −E1 −E ��� N − h̄2q2

2M∗ + iγ
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[
ω2

c20
ε(q, ω) − q2

]
E(q, ω) = 0
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q
<�d5J/= D >OR

(ω − cq) (ω + cq)

(
ω − E1 +E ��� N + iγ

h̄
− h̄q2

2M∗

)
=
ω2|d1|2
ε0n2

bgh̄
O ��M0B � P
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q(ω)

f�§+dWG�=�<2jg¨&J/F0=�X?s�<�I C H�r D d?<�=0>5H+I+J/jg\ G+<�I�<�F�<�Y >5d?\&j)P4h
J/I�<�>5=�r�X?s�<�d � <�F0F�<�I�H+IT>?<�dLKm\&�+�+F0H+I+J�P:I�G�P&rm��<`G�=0H+j�R

q21,2(ω) =
1

2

(
q2bg + q2x

)
±
√

1

4

(
q2bg − q2x

)2
+ κ O ��M0B���P
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q2bg =
ω2

c20
n2

bg

q2x =
2M∗

h̄2 (h̄ω −E1 −E ��� N + iγ)

κ =
ω22M∗

c20h̄
2ε0

|d1|2
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h̄ ≈ 2,152 · 1015 Hz
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E � ����� (z1, ω) = E ���	� (z1, ω) : 
 iqlz1 +Er(ω) 
 −iqlz1 �
��� �������

=
∑

p=1,2

E+
p (ω) 
 iqpz1 +E−

p (ω) 
 −iqpz1

∂E � ����� (z, ω)

∂z
|z1

=
∂E ����� (z, ω)

∂z
|z1

: iql 
 iqlz1 − iqlEr(ω) 
 −iqlz1 �
��� �������

=
∑

p=1,2

iqpE
+
p (ω) 
 iqpz1 − iqpE

−

p (ω) 
 −iqpz1

E ����� (z2, ω) = E ��� � �!� (z2, ω) : Et(ω) 
 iqrz2 �
��� ����"#�

=
∑

p=1,2

E+
p (ω) 
 iqpz2 +E−

p (ω) 
 −iqpz2

∂E ���	� (z, ω)

∂z
|z2

=
∂E ��� �	�!� (z, ω)

∂z
|z2

: iqrEt(ω) 
 iqrz2 �
��� ����$%�

=
∑

p=1,2

iqpE
+
p (ω) 
 iqpz2 − iqpE

−

p (ω) 
 −iqpz2

P (z1, ω) = 0 :
∑

p=1,2

χ(qp, ω)
[
E+

p (ω) 
 iqpz1 +E−

p (ω) 
 −iqpz1

]
= 0 �
�%�&�'� 
 �

P (z2, ω) = 0 :
∑

p=1,2

χ(qp, ω)
[
E+

p (ω) 
 iqpz2 +E−

p (ω) 
 −iqpz2

]
= 0 �
��� ���)(
�
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R(ω) = 1 − T (ω) = 1 − |Et(ω)|2
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Ex
n = Ex

B +E ��� N +
h̄2

2M∗ q
2
n

j$=0>
qn =

π

L
n

j$=0>
n = 1, 2, . . . O ��M K ��P

lAP D <�=�<�IT>?r?�+d5=�X?sT>
Ex

B

G+<�d2b�S ^`=0>?\&I�h��a=0I�G�H+I+J]r?<�I�<�d5J/=�<)UW=�<c=0jt��\&F0H+jg<�I+Y d5=�r5>�P:F0F8q¥G�P)G�=�<GTm<�FwP:>5=0Z D <	h
U%<�J/H+I+J�P:F�rWH+I D <`<�=0I 
�H�r?r5>mZ]\&I�G+<�I TmP:I�G D <`G�=0I+J/H+I+J]<�I�P:I+J]<�I�\&j$jg<�I�UW=0d?G¥M

� V ²Dyaw,�eyaw�}xw�ya�e�Ww��Y�e��})�Iw������luI®��I��taya���lw�� �¥���7~��;w�~lya�e���e�l�Ww��¢� �e��}Iw�������w�ya�ew�}�*¥�7�����Iyau)yaw�}I�l�e�>~lw�}�a��!�N{�w�}Izl�e�l���I�;w�{�w����e�e�
��yn�,~lw�����¨W��tay��!�ew��:ªly�� �¥w��Ww��luI���I�����l�  
��t��l��w��e�N}Iyau �!��tat � w��I���	~lyau)�N}Iw��Iw�� ��w�tataw��e�����etaw��

qn = π
L
n
�



� ��� ����#`�(
8-&
����W-&�0.&1	�(
8-/
6�	
���
�!�� 
�
6�	
���.&���	���	��
��	1�*`���T������
��	
 ; <�=0>?< � �

−1 −0.8 −0.6 −0.4 −0.2 0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(hω/2π−E
Gap

)/E
B
x

1−
T

CmD+D =0F�G�H+I+J\��M @�R
Tm< 
�<WS =�\&I�j$=0>_Z�<�Y&P:d�� r�X?s�<�I TmP:I�G D <`G�=0I+J/H+I+J]<�I�f(§+d~<�=0I�<�Z�d?\ D <�I�G�=�X?Y]<

L = 10 ax
0

q�^`H�G+<�I�Z]<�d5U%<�I�h
G+<�>?<�I�oAP C r5h!Z�P:d�P:jg<�>?<�d5I�r5=�<�s�<�u�P D <�F0F�<���M0BcP:H�f�; <�=0>?< �4@

l~=�<�]mH�P:I�>5=�r5=�<�d5H+I+JLG+<�d2; X?sTUa<�d5�+H+I+Y�> D <�U%<�J/H+I+J�=0I
z
h!T©=�X?s�>5H+I+J)f�§+s+d5>©=0j uQd�P:I�r5j$=�r?r5=�\&I�r�r5�6<�Y >5d5H+j

��M @A^`H$^`H�r,�:>5^`F0=�X?s�<�I\Z�<OP:Y�r�P:H�f�G+<�d�s�\ X?s�<�I�<�d5J]<�>5=�r�X?s�<�I�; <�=0>?<©G+<`r
1s
h�bDS�^`=0>?\&I�rOM]��<�>5d�P&X�sT>?<�>�j)P:I)ITH+d

G�=�<©jg¨&J/F0=�X?s�<�I�<WS ^`=0>?\&I+=�r�X?s�<�I S H�r5>��:I�G+<©=0I)G+<�dW; X?s+=�X�sT>Oq jc§�r?r?>?<�IxG�=�<Eb�S ^`=0>?\&I�h!Tm<`r?\&I�P:I+^O<�I D <�=�G+<�I
I�P&X�s o2F�<�=�X?sTH+I+J O ��M K ��PAJ]<�J]< D <�I�<�I�b�=0J]<�I�<�I�<�d5J/=�<�I G+<�d}bDS ^`=0>?\&I�<�I�F0=�<�J]<�I3M��a<�=ar5>�P:d5Y]<�dGKE\&�+�+F0H+I+J
P:I�G�P&rE��<`G�=0H+j¦=�r5>EP D <�d©<�=0I�<���<�>5d�P&X?s�>5H+I+J)=0j$Z�\&FwP:d5=0>?\&I�h��a=0F�G�I�\&>VU%<�I�G�=0J�q"U%\&d�P:H�rEr?=�X?s�G�P:I+I�G�P&r
=0I CmD+D =0F�G�H+I+J^��M @�G�P:d5J]<`r5>?<�F0F0>?<L;��6<�Y >5d5H+j <�d5J/= D >Oq¥=0I�G+<�j G�=�<pTE<`r�\&I�P:I+^`�6<OP:Y�rA<�>�U�P&r�^`H�s�¨&s�<�d?<�I
b�I�<�d5J/=�<�I{J]<�J]<�I�§ D <�d�G+<�I}<WS ^`=0>?\&I+=�r�X?s�<�I$b�I�<�d5J/=�<`<�=0J]<�ITUa<�d5>?<�Ig=0Igo~F�<�=�X?s�H+I+J O ��M K � P¥Z]<�d?r?X�s�\ D <�I}r5=0I�G¥M
 VIgG�=�<`r?<�j K�P:�+=0>?<�F"s�P D <�I$UW=0d�<�=0Ix��\ G+<�F0F�P:H�f(J]<`r?>?<�F0F0>Oq/j$=0>�G+<�j¤r5=�X�sgu3d�P:I�r5j$=�r�r5=�\&I�r?r5��<�Y�>5d?<�IxG�H+d?X?s
G�§+I+I�<cn~P:F D F�<�=0>?<�d?r?X�s+=�X?s�>?<�I�H+I�>?<�dm<WS��+F0=0^`=0>?<�dE��<�d5§�X?Y�r5=�X?s�>5=0J/H+I+J�G+<�d

1s
h�bDS�^`=0>?\&I�h!TE<`r?\&I�P:I+^ D <�d?<`X?s�h

I�<�I�FwP&r?r?<�I3M���P:I�r�\&F0F0>?<{r?=�X?s�P D <�d D <�UWH�r?r5>2r?<�=0I3q"G�P&r�rms+=�<�dAG�=�<�[3¨/r5H+I+J]<�I�G+<�d2bDS�^`=0>?\&I�hpo~F�<�=�X?s�H+I+J
=0j ��\&F0H+jg<�I+Y�d5=�r?>�P:F0FAZ]<�d5U%<�I�G+<�>�UWH+d?G+<�I3M�lm=�<�f(§+d�G�=�<��a<`r�X?s+d?<�= D H+I+J G+<`r�;�¡�r5>?<�jgrLI�\&>�Ua<�I�G�=0J]<�I
T~P:I�G D <`G�=0I+J/H+I+J]<�I�UWH+d?G+<�I�ITH+d}�+s��:I�\&jg<�I�\&F�\&J/=�r?X�s«P:F�r�r?\&J]<�I�P:I+I�>?<L^`H�r��:>5^`F0=�X?s�<6TmP:I�G D <`G�=0I+J/H+I�h
J]<�I�P:I�G�=�<Aj)P:Y�d?\/r?Y]\&�+=�r?X?s�<�Z�\&FwP:d5=�r�P:>5=�\&I�J]<`r5>?<�F0F0>OM�b�=0I�<�Y]\&d5d?<�Y�>?<���<`r?X�s+d?<�= D H+I+JxG+<`r D <�>5d�P&X?s�>?<�>?<�I
;�¡�r5>?<�jgra<�d5s��:F0>�j)P:I�<�d?r?>aG�H+d?X�s�b�=0I�f(§+s+d5H+I+J}Z]\&I�j$=0Y�d?\/r?Y]\&�+=�r?X?s�<�IjTmP:I�G D <`G�=0I+J/H+I+J]<�I3q+G�=�<~G�=0d?<�Y�>
P:I�G�=�<�b�S ^`=0>?\&I�h
� D <�d5JTP:I+J]r,P:j$�+F0=0>5H�G+<}J]<`r5>?<�F0F0>EUa<�d?G+<�I3M6l~=�<`r?<cJ]<�IT§+J/>AG+<�dE=0I+s�\&jg\&J]<�I�<�I�b�S ^`=0>?\&I�h
o2F�<�=�X?sTH+I+J O ��M � P	M l~=�< � D <�d5JTP:I+J]r�P:j$�+F0=0>5H�G+<2Z]<�d?r�X?sTUW=0I�G+<�>EJ]<�d�P&G+<AG�P:I+I3q�Ua<�I+I�<�IT>VU%<`G+<�dmb�F�<�Y�>5d?\&I
\ G+<�d�[3\ X?s�G�=�<{� D <�d�
"�&X�s�<c<�d5d?<�=�X?s�<�I3R

ψ(~re, ~rh)|~re=~r ��� = ψ(~re, ~rh)|~rh=~r ��� = 0
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[
ih̄
∂

∂t
−EGap +

h̄2

2me
∇2

~re +
h̄2

2mh
∇2

~rh
+ V (|~ρ|)

]
ψ(~re, ~rh) = −~dc,v

~E(~r, t)δ(~ρ) O ��M K � P

j$=0>
~ρ = ~re − ~rh

H+I�G
~r = (~re + ~rh)/2

H+I�G�G+<�j F�\&Y&P:F�<�I�l~=0�6\&F0j)P:>5d5=YS+<�F�<�jg<�IT> ~dc,v(~ρ) = ~dc,vδ(~ρ)
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z
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L = 10 ax
0

q�j$=0>EH+I�<�I�G�F0=�X�s�s�\&s�<�I���P:d5d5=�<�d?<�I�H+I�G�j$=0>EG+<�d~oA<`r�P:jc>5j)P&r?r�<

M∗ = m∗
e +m∗

h

G+<`r©bDS�^`=0>?\&I�rOR

En =
h̄2π2

2M∗
n2

L2

j$=0>
n = 1, 2, . . .
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Ex
n = Ex

B +E ��� N +
h̄2π2

2M∗
n2

L2

j$=0>
n = 1, 2, . . . O ��Ma�/K�P

�a<�^O<�=�X�s+ITH+I+J Z�\/rOM+=0j Z�\/rOM�I�P&X?s�o2F8M O ��Ma�/K�P <WV�MRZ�d?\ D <�I�G�=�X�Y]< <WV�MRZ�d?\ D <�I�G�=�X�Y]<
G+<�dLTm<`r?\&I�P:I+^ ;���<�Y�>5d5H+j j$=0>

L = 10 ax
0

I�P&X?s�o~F8M O ��Ma�/K P L∗[ax
0]

I�P&X?s4Z�<�Y/P:d
L∗[ax

0]

1s
q
n = 1 −0,974 −0,989 6,53 7,20

1s
q
n = 2 −0,925 −0,956 7,69 7,40

1s
q
n = 3 −0,836 −0,900 7,81 7,75

1s
q
n = 4 −0,729 −0,822 8,10 8,05

1s
q
n = 5 −0,602 −0,722 8,35 8,30

1s
q
n = 6 −0,458 −0,600 8,59 8,55

2s
q
n = 1 −0,190 −0,239 4,30 �
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<WV¥<�Y >5=0Z]<bZ�\&>?<�I�>5=wP:F0>?\&��f D d?<�=0>?<�I
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<WS���<�d5=0jg<�IT>?<�F0F D <`\ D P&X?sT>?<�>EU%\&d?G+<�I3M�� D Z�<OP:Y�r�^`H�J]<�d�P&G+<�I�\�G+<�d�H+I+J]<�d�P&G+<�I

n
\�G+<�d D <�=�G+<~G+<�H+>5F0=�X�s

=0j¬;��6<�Y >5d5H+j D <`\ D P&X�sT>?<�>}U%<�d?G+<�I�Y]¨&I+I�<�I3q�s��:I+J/>{G�=0d?<�Y >cj$=0>}G+<�dGZ�d?\ D <�I�G�=�X�Y]<L^`H�r�P:j$jg<�I3M�l~=�<
l~=�X�Y]<�G+<�d Z�d?\ D < D <`r5>5=0j$jc>)G�=�<�;�>5d5H+Y >5H+dxG+<�dg<WS�^`=0>?\&I+=�r?X�s�<�I S H�r5>��:I�G+<�H+I�G«G�P:d5§ D <�dgUW=�<�r5>�P:d5Y
G�=�<`r�<�P:I�G�P&r©\&�+>5=�r?X�s�<cv�<�F�G�Y]\&�+��<�F0I3M
C H�r©G+<�d~<�=0I�f�P&X�s�<�I�]mH�P:IT>5=�r?=�<�d5H+I+J�G+<�d2; X?sTUa<�d5�+H+I+Y�> D <�U%<�J/H+I+J�qQG¥M s3M�H+IT>?<�dm��<�d5I�P&X?s+Fw�&r?r?=0J/H+I+JLG+<�d
Km\&�+�+F0H+I+JAZ]\&I$; X�sTUa<�d5�+H+I+Y�>�hQH+I�G�TE<�FwP:>5=0Z D <�U%<�J/H+I+JA§ D <�d�G�=�<¢TmP:I�G D <`G�=0I+J/H+I+J]<�I3q&<�d5s��:F0>�j)P:I$r5>?<	h
s�<�I�G+<L;�=0ITH�r5Ua<�F0F�<�I =0I

z
h!T©=�X�sT>5H+I+J�f(§+d�G�=�<x; X�sTUa<�d5�+H+I+Y�> D <�U%<�J/H+I+J�M C H�rAG�=�<`r?<�j ��\�G+<�F0F�<�d5J]< D <�I

r?=�X?s�G�P:I+I�G�=�<{f�\&F0J]<�I�G+<�I C H�r5U�P:s+F0d?<�J]<�F0I�f(§+dAG�=�<$<�IT>?r?�+d?<`X?s�<�I�G+<�IcTm<`r?\&I�P:I+^`��<OP:Y r2=0j ;���<�Y�>5d5H+j�R
f�§+d

kphL = 2π, 4π, . . .
Z]<�d?r?X?s�UW=0I�G+<�I G�=�<GZ�<OP:Y�r2^`H�J]<�d�P&G+<�I

n
q�f�§+d

kphL = π, 3π, . . .
Z]<�d?r?X?s�UW=0I�h

G+<�I�G�=�<A^`H�H+I+J]<�d�P&G+<�I
n
q+H+I�G�f�§+d

kphL = π/2, 3π/2, . . .
r5=0I�G Z�<OP:Y�rE^`H�J]<�d�P&G+<�I�H+I�G�H+I+J]<�d�P&G+<�I

n
J/F�<�=�X?s�<�d5j)PeQ]<�I�r5=�X?s�> D P:dOM m M

kph = 2π/λ
D <�^O<�=�X?s+I�<�>�G�=�< � <�F0F�<�I+^�P:s+F%G+<`r�P:I+d?<�J]<�I�G+<�I \&�+>5=�r?X?s�<�I

v�<�F�G+<`rOM¥l~=�<`r?< C H�r5U�P:s+F0d?<�J]<�F0I�Y]¨&I+I�<�I�ITH+d�f(§+dbZ�d?\ D <�I P:H�r5d?<�=�X?s�<�I�G+<�d�lm=�X�Y]<)P:I+J]<�UaP:I�G�>cU%<�d?G+<�I3q
=0IL��<�d D =0I�G�H+I+J}j$=0>a<�I�>?r5�+d?<`X?s�<�I�G+<�dm�a<�d5§�X�Y r?=�X?sT>5=0J/H+I+J)Z]\&ILl2<OP&G h8FwP`¡]<�d5I�§ D <�d%<WV¥<�Y >5=0Z]<_Z�d?\ D <�I�G�=ih
X�Y]<�I3M�l~=�<As+=�<�d©H+I�>?<�d?r5H�X?s�>?<�I Z�d?\ D <�I�s�P D <�I�<�=0I�<�j)PlS�=0j)P:F�<cl~=�X?Y]<AZ]\&I

10 ax
0

M�lm=�<`r�<bZ�d?\ D <�I�G�=�X�Y]<
=�r?>�J]<�d5=0I+J]<�d�P:F�r�<�=0I�<aZ =�<�d5>?<�F � <�F0F�<�I+Fw�:I+J]<EG+<�d�P:I+d?<�J]<�I�G+<�Ix\&�+>5=�r?X?s�<�Igv�<�F�G+<�dOq&Ua<`r5s�P:F D j$=0>�G+<�I$\ D <�I
P:H�f�J]<	f�§+s+d5>?<�I C H�r?UaP:s+F0d?<�J]<�F0I)s+=�<�d�Y]<�=0I�< C H�r?r,P:J]<�§ D <�d�G�=�<m;�>��:d5Y]<EG+<�d>Z�<OP:Y�r�=0j�;���<�Y�>5d5H+j¤J]<�>5d?\:f�h
f�<�I�U%<�d?G+<�I�Y&P:I+I3MQ�LV¥<�I�r5=�X?s�>5F0=�X?s D <`\ D P&X�sT>?<�>�j)P:I P D <�dcP:H�X�s�f(§+d�G�§+I+I�< Z�d?\ D <�I�<�=0I�<�I�G�=0d?<�Y�>?<�I
S H�r,P:j$jg<�I+s�P:I+JxG+<�d~�~r5^`=0F0FwP:>?\&d?r?>��:d5Y]<�I�G+<�dLZ�<OP:Y r©j$=0>EG+<�dLZ�d?\ D <�I�G�=�X?Y]</M

°�r a�yaw��ew [ �:��������w��,��t �aª¡´ ^����H`
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µ∗/M∗

kEj j$=0>6Z�<�Y/P:d�� r?X?s�<�I T~P:I�G D <`G�=0I+J/H+I+J]<�I_\&�+>5=�r�X?s�<�u3d�P:I�r5j$=�r�r5=�\&I�r?r5��<�Y�>5d?<�IzG�H+d?X�syG�§+I+I�<�n2P:F D h
F�<�=0>?<�d?r?X?s+=�X�sT>?<�I D <�d?<`X?s+I�<�I$^`H{Y]¨&I+I�<�I3q&\&s+I�<WP:H�f"<�=0I�<�j$=0Y d?\/r5Y]\&�+=�r?X�s�<W��<`r?X?s+d?<�= D H+I+JAG+<�d�bDS�^`=0>?\&I�<�I
<�=0I+J]<�s�<�I�^`H�jc§�r?r�<�I3q�=�r5>~<`r©UW=�<�UW=0dEJ]<`r?<�s�<�I�s�P D <�I�I�\&>�Ua<�I�G�=0J�q6�+s��:I�\&jg<�I�\&F�\&J/=�r?X?s�G�=�<�bDS =�r?>?<�I+^
�6\&FwP:d5=�r,P:>5=�\&I�r�P:d5jg<�d%� D <�d�
"�&X�s�<�I�r?X?s+=�X�sT>?<�I3q�G+<�I}r�\&J]<�I�P:I+IT>?<�Igl2<OP&G h8FwP`¡]<�d5I3q/<�=0I+^`H�f�§+s+d?<�I3M&l2P D <�= =�r5>
<`r2UW=�X?s�>5=0J�jg¨&J/F0=�X?s�r?>cG�=�<{d5=�X?sT>5=0J]<xl2<OP&G h8FwP`¡]<�d�h�l~=�X?Y]<LP:F�rA�+s��:I�\&jg<�I�\&F�\&J/=�r?X?s�<�I Z�P:d�P:jg<�>?<�d�j$=0>A=0I
G�=�<�Tm<`X?s+ITH+I+JL^`H�=0I�>?<�J/d5=�<�d?<�I3M�lm=�<cbDS =�r?>?<�I+^�G+<�dml2<OP&G h8FwPO¡]<�dm=�r5>2P:H�f�G�=�<c<�I�G�F0=�X?s�<�d��:H+j$F0=�X?s�< C H�r�h
G+<�s+ITH+I+J}G+<�d�bDS�=0>?\&I�<�I)H+j�=0s+d?<�I�; X?sTUa<�d5�+H+I+Y�>�^`H+d5§�X�Y�^`H�f�§+s+d?<�I3M�l2<`r5s�P:F D UW=0d?Gg=0I)G�=�<`r?<�j K�P:�+=0>?<�F
P:I+s�P:I�G�Z]\&I�j$=0Y�d?\/r5Y]\&�+=�r�X?s�<�I TE<`X�s+ITH+I+J]<�I�G�=�<~Y]\&d5d?<�Y >?<~l2<OP&G h8FwPO¡]<�d�h�lm=�X�Y]< D <`r5>5=0j$jc>Oq�=0I CmD s��:I�h
J/=0J/Y]<�=0>EZ]\&I�G+<�j ��<�d5s��:F0>5I+=�rE^`UW=�r?X�s�<�I�d?<`G�H+^`=�<�d5>?<�dOq"<WV�<�Y >5=0Z]<�dE��P&r?r?<

µ∗
G+<�dEbDS�^`=0>?\&I�<�I�H+I�G�=0s+d?<�d

<WV�<�Y >5=0Z]<�I�; X?sTUa<�d5�+H+I+Y�>5j)P&r�r?<
M∗ M C H�r5J]<�s�<�I�G�Z]\&I�<�=0I�<�jt<�=0I�f�P&X�s�<�I3q"I�P:=0Z]<�I��a=0F�G¥q"=0I�G+<�j�j)P:I

r5=�X?sLb�F�<�Y >5d?\&I)H+I�G [Q\�X�sLP:F�r�Y F�<�=0I�<LK2H+J]<�F0IxZ]\&d?r5>?<�F0F0>�H+I�GxG�P&r�JTP:I+^O<mbDS ^`=0>?\&I�P:F�r�f�<`r5>?<�K2H+J]<�F8qTUW=0d?G
s+=�<�dcG�=�< ��H�P:F0=0>�P:>5=0Z]< CmD s��:I+J/=0J/Y]<�=0>�G+<�dcl2<OP&G h8FwPO¡]<�d�h�lm=�X�Y]<LZ]\&I G+<�j ��<�d5s��:F0>5I+=�r

µ∗/M∗ ^`H+I��&X?s�r?>
G+<�H+>5F0=�X?s�J]<�j)P&X�sT>OM�l~=�< CmD+D =0F�G�H+I+J ��M0B���Z]<�d�P:I�r?X?s�P:H+F0=�X�sT>~=0I�G�=�<`r�<�j <�=0I�f�P&X�s�<�I��%=0F�G�G�=�<2��<�U%<�J/H+I+J
Z]\&I�b�F�<�Y >5d?\&I�H+I�G [3\ X?s D <�^`§+J/F0=�X�s�G+<`rm; X�sTU%<�d5�+H+I+Y >?<`r2G+<`r~;�¡�r5>?<�jgrOM

m/M groß: m/M klein:

e-
e-hh

S S

a
0
X

a
0
X

CmD+D =0F�G�H+I+J\��M0B��+RDT2P:=0Z]<`rLK2H+J]<�F0jg\ G+<�F0FQG+<`rEb�S ^`=0>?\&I�r

C I+s�P:I�G)G�=�<`r?<�d CED+D =0F�G�H+I+J�<�d5UaP:d5>?<�>�j)P:I3q]j$=0>�G+<�d���\&d?r5>?<�F0F0H+I+J�G+<`r�b�S ^`=0>?\&I�r�P:F�r�f�<`r5>?<�K2H+J]<�F8q/G�P&r�r
r5=�X?sLG+<�d�; X�sTU%<�d5�+H+I+Y >af(§+d�J/d?\7Q]<`r���<�d5s��:F0>5I+=�r

µ∗/M∗ G�=�X?sT>?<�dWP:I)G�=�<2� D <�d�
"�&X�s�< D <�U%<�J]<�ILY&P:I+ILP:F�r
f(§+d�<�=0I�Y�F�<�=0I�<`r

µ∗/M∗ h8��<�d5s��:F0>5I+=�rOMRkmj G�=�< CmD s��:I+J/=0J/Y]<�=0>©G+<�d�l2<OP&G h8FwPO¡]<�d�h�lm=�X�Y]<�=0I CED s��:I+J/=0J/Y]<�=0>
Z]\&I

µ∗/M∗ P:I+s�P:I�G�G+<�dWj$=0Y d?\/r5Y]\&�+=�r?X�s�<�I���<�d?<`X?s+I�H+I+J]<�I�^`H�H+I�>?<�d?r5H�X?s�<�I3q�UWH+d?G+<�I�G�=�<`r?<~f�§+d�Z]<�d�h
r?X?s+=�<`G+<�I�<

µ∗/M∗ h8��<�d5s��:F0>5I+=�r?r?<EG�H+d?X?s+J]<	f�§+s+d5>Oq]U%\ D <�=�P:I�r?\&I�r5>?<�IxG�=�<EoAP C r5h!Z�P:d�P:jg<�>?<�d%P:H�r�u�P D <�F0F�<
��M0B D <�= D <�s�P:F0>?<�I$UWH+d?G+<�I3Mnm�P C F�r�j)PlS�=0j)P:F�<`r���<�d5s��:F0>5I+=�r�UWH+d?G+<©G�P D <�=

µ∗/M∗ = 0,25
P:I+J]<�I�\&j$jg<�I3q

UaP&rEJ]<�d�P&G+<AJ/F�<�=�X?s�<�I�b�F�<�Y�>5d?\&I�haH+I�G [3\ X?s�h���P&r?r?<�I�<�I�>?r5�+d5=�X?s�>OM
l~=�<�Z�\/r5=0>5=�\&I�<�ILG+<�d�<�d?r5>?<�IgZ =�<�d

1s
h�b�S ^`=0>?\&I�h!Tm<`r?\&I�P:I+^O<�I)=0IgG+<�Igj$=0Y d?\/r5Y]\&�+=�r?X�s D <�d?<`X?s+I�<�>?<�I�;���<�Y�h

>5d?<�IxUWH+d?G+<�I�=0IfTE<`X?s+I�H+I+J]<�I�j$=0>¢Z�<�Y/P:d�� r?X?s�<�I T~P:I�G D <`G�=0I+J/H+I+J]<�I�G�H+d?X?s���P:d5=wP:>5=�\&I�G+<�dWP:I+J]<�I�\&j}h
jg<�I�<�I�l2<OP&G h8FwP`¡]<�d�h�l~=�X?Y]<{P:I+J]<���P&r?r5>OM+l~=�<2r5=�X?s�G�P:d�P:H�r©<�d5J]< D <�I�G+<�I�l2<OP&G h8FwP`¡]<�dEr5=0I�GL=0I CmD+D =0F�G�H+I+J
��M0B�@�G�P:d5J]<`r5>?<�F0F0>OM3l~=�<pTm<`X?s+ITH+I+J]<�I�UWH+d?G+<�I�s+=�<�dcP:F0F�<}f�§+d�Z�d?\ D <�I�G�=�X?Y]<�I�Z]\&I

10 ax
0

G�H+d?X�s+J]<	f(§+s+d5>OM
]mH�P:F0=0>�P:>5=0Z�Fw�&r?r5>{r5=�X?s�r?\:f�\&d5>�G�=�< CmD s��:I+J/=0J/Y]<�=0>}G+<�d�l2<OP&G h8FwP`¡]<�d�h�l~=�X?Y]<�Z]\&I

µ∗/M∗ q�G�=�<gj)P:I�P:H�r
G+<�j�I�P:=0Z]<�IGK2H+J]<�F0jg\ G+<�F0F+<�d5UaP:d5>?<�I$UW§+d?G+</q D <`r5>��:>5=0J]<�I3M&lm=�<al2<OP&G h8FwP`¡]<�d�Ua<�d?G+<�I D d?<�=0>?<�d�f�§+d�P D I�<�s�h
jg<�I�G+<`r

µ∗/M∗ h8��<�d5s��:F0>5I+=�rOM|]mH�P:I�>5=0>�P:>5=0Z�=�r5>2G�=�<`r?<`rm��<�d5s�P:F0>?<�I�P D <�d2r?<�s+dmZ =�<�F¢r5>��:d5Y]<�d2P:H�r?J]<��+d��:J/>
P:F�rL=0IyG+<�dLI�P:=0Z]<�Iz��\&d?r5>?<�F0F0H+I+J�MWv�§+dLJ/F�<�=�X?s�<�b�F�<�Y >5d?\&I�h![3\ X?s�h���P&r?r?<�I_<�d5s��:F0>�j)P:I ^`UaP:d�=0Iy<�>�UaP
<�=0I�<�I�l2<OP&G h8FwP`¡]<�d~Z]\&I

0,5 ax
0

q�G�=�<`r?<�d©U��&X?s�r5>�£�<`G+\ X?s�f�§+dWY F�<�=0I�<
µ∗/M∗ r5>��:d5Y]<�d2P:I3q�P:F�rE<`r©G�P&r_K2H�h

J]<�F0jg\�G+<�F0FW<�d5U�P:d5>?<�I F0=�<FQ�M C HRQ]<�d?G+<�j¬r5=�<�sT>{j)P:I3q¢G�P&r?r�G�=�<Ll2<OP&G h8FwP`¡]<�d�h�l~=�X?Y]<�f(§+d
µ∗/M∗ = 0,25I�P:s�<�^`H�J/F�<�=�X?s�=�r5>~f�§+d~G�=�<}<�d?r5>?<�I�Z =�<�d2bDS ^`=0>?\&I�h!Tm<`r?\&I�P:I+^O<�I3q¥Ua\&J]<�J]<�I <`r~j$=0>~Y F�<�=0I�<�dAU%<�d?G+<�I�G+<�j

°I� �0u {���}G�lyaw�}G���luI®��I��taya�!���l���§{�w��e~lya� ~lyaw ze�7®��e����w��e��t����Wyau)�!��w�y��l�Ww�� �e��})�Iw ²D®���zl� �e�l� ���`~lyaw � w�{�w�yataya�Ww �DX���yn�I�W�l�
vxya�e~l�e�l�Wu)w��lw�}I�Wyaw�w����Iu)z�}Iw��!�ew��e~<���e���lz7��u)u)w��:ª�u)��{|yaw|~lyaw�²Dyaz;�Wta�F��zezlt��l�e�

dcv
ª��e�4~lyaw�a�z;w����)}Iw��<���eu {xw�})�Iw��¢���<�F¨��e�lw��:�
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µ∗/M∗ =0j$jg<�d~UW=�X?sT>5=0J]<�d2UW=0d?G�H+IT>?<�d?r?X�s+=�<`G�F0=�X?s�<$l2<OP&G h8FwP`¡]<�dAP:I+^`H+I�<�s+jg<�I3q6H+j G�=�<AZ]<�d?r?X�s+=�<`G+<�I�<�I
b�S ^`=0>?\&I�h!Tm<`r?\&I�P:I+^O<�Igj$=0>�G+<�IdZ�<�Y/P:d�� r?X�s�<�I TmP:I�G D <`G�=0I+J/H+I+J]<�Igd?<��+d?\ G�H+^`=�<�d?<�I$^`H$Y]¨&I+I�<�I3M/lm=�<as+=�<�d
I�\ X?s�<�=0I+j)P:F¢G+<�H+>5F0=�X?s�U%<�d?G+<�I�G+<}u�P:>?r,P&X?s�</q¥G�P&r?rm<`rm\:f�>mI�\&>VU%<�I�G�=0J�=�r5>mf(§+d�£�<`G+<�I4Z�<OP:Y�=0I�G+<�I D <	h
d?<`X�s+I�<�>?<�Iy;���<�Y�>5d?<�I«H+IT>?<�d?r?X�s+=�<`G�F0=�X?s�<�l2<OP&G h8FwP`¡]<�d�P:I+I�<�s+jg<�I«^`H j�§�r?r?<�I3q�Fw�&r�r5>gG�P:d�P:I ^`U%<�=if�<�F0I3q
G�P&r�rc<`rcr?=�X?s s+=�<�d D <�=�H+jª<�=0I�r5=0I+I�Z]\&F0F�<`r Km\&I+^O<��+>}s�P:I�G+<�F0>OM S H+j$=0I�G+<`r5>�f(§+d�G�=�<gs+=�<�dcZ]<�d5Ua<�I�G+<�>?<�I
Z�d?\ D <�I+��P:d�P:jg<�>?<�dcr�X?s�<�=0IT>�G�=�<���<�d5Ua<�I�G�H+I+J�Z]\&I�^`H�r��:>5^`F0=�X�s�<�I�TmP:I�G D <`G�=0I+J/H+I+J]<�I�P:H�f%j)P:Y d?\/r5Y]\:h
�+=�r�X?s�<�d2b D <�I�<�ITH+dAr5=0I+I�Z]\&F0F¢^`H�r?<�=0I3q"H+j�;���<�Y >5d?<�I�^`H�=0IT>?<�d5�+d?<�>5=�<�d?<�I3q�=0I�G+<�I�<�I�G�=�<$;�>5d5H+Y >5H+d~G+<�d
b�S ^`=0>?\&I�h!Tm<`r?\&I�P:I+^O<�I�<WS ��<�d5=0jg<�IT>?<�F0F�ITH+d2f�§+d~Ua<�I+=0J]<

n
P:H�f�J]<�F�¨/r5>2U%<�d?G+<�I�Y/P:I+I3M�kEj�G�=�<GZ�\/r5=0>5=�\&I

G+<�ddZ�<OP:Y�r$^`H�s�¨&s�<�d?<�I
n
Y]\&d5d?<�Y >$UW=�<`G+<�d5J]< D <�I ^`H Y]¨&I+I�<�I3q�=�r5>$r5=�X�s�<�d5F0=�X?s«G�=�<���<�d5Ua<�I�G�H+I+J Z]\&I

<�=0I�<�j�Y]\&I�r5>�P:IT>?<�I�l2<OP&G h8FwP`¡]<�daf�§+d%G�=�<Es+=�<�d�J]<�Ua�:s+F0>?<�I
GaAs

h!Z¢P:d�P:jg<�>?<�d�m�m2<�=0I�<E^`=�<�j$F0=�X�sLr�X?s+F�<`X?s�>?<
T2�:s�<�d5H+I+J�M

0 0.05 0.1 0.15 0.2 0.25
0

0.5

1

1.5

2

2.5

µ/M

d
e

a
d

−
la

y
e

r 
[a

0x
]

1s,n=1
1s,n=2
1s,n=3
1s,n=4

�����������
	�����

���������������������� !��"#�$����%'&!�(���)�*��+�,-���.���.&!����/*0!1��
µ∗/M∗

2 �436571�8(�9�;:<%;1�/*��/��-����=�>.?.?
��@BA�������/C8D�-�E���������F�-&�/G	����������F/G+��;1�"'��/G��:'%'+����H����:<�-/GI!=�	�8J�
���K�*��+�,-���.�����
&!����/�����"��L�����������; !��"#�$����%<&!�F0!1��M����8

µ∗/M∗ ��NO��"G+�,-��/G����:L����"�PRQ
I;��/'1������SI;	)�T��"'�;%'+������U�TV*�B/'��"�����"
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���G�
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µ∗/M∗ ≈ 0,11 �
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Z�<�Y/P:d�� r?X�s�< T~P:I�G D <`G�=0I+J/H+I+J]<�I
CED+D =0F�G�H+I+J6��M0B(�QP�R
��<�d5J/F�<�=�X?s�Z]\&ILj$=0Y�d?\/r?Y]\&�+=�r?X?s�<�I�j$=0>�Z�<�Y/P:d�� r?X?s�<�IjT~P:I�G D <`G�=0I+J/H+I+J]<�I�j$=0>aY]\&I�r5>�P:IT>?<�j¦l2<OP&G h8FwP`¡]<�d
f(§+d

µ∗/M∗ = 0,25
q
γ = 0,16meV

q
dcv = 0,25 nm · e

 �IzG+<�I CmD+D =0F�G�H+I+J]<�I ��M0B(�QP�H+I�G ��M0B(� D =�r5>�^`H+d� VF0F0H�r5>5d�P:>5=�\&I_G+<�d���<�d5J/F�<�=�X?s_^`UW=�r�X?s�<�I_^`Ua<�=�j$=ih
Y�d?\/r?Y]\&�+=�r?X?s D <�d?<`X�s+I�<�>?<�I«;��6<�Y >5d?<�I j$=0>{G+<�j £5<�U%<�=0F0=0J]<�I Z�<�Y/P:d�� r?X�s�<�I�b�d5J]< D I+=�r�j$=0>�Y]\&I�r5>�P:IT>?<�j
l2<OP&G h8FwP`¡]<�dmG�P:d5J]<`r?>?<�F0F0>OM
b�rx=�r5>)G+<�H+>5F0=�X?s ^`H[<�d5Y]<�I+I�<�I3qaG�P&r?r)=0I CED+D =0F�G�H+I+J ��M0B(�QP�f(§+d

µ∗/M∗ = 0,25
G�=�<>T2�:s�<�d5H+I+J�<�=ih

I�<`rAY]\&I�r5>�P:I�>?<�I�l2<OP&G h8FwP`¡]<�d?r{r?<�s+dAZ =�<�F D <`r?r?<�dA^`H�d?<`X?s�>�f�<�d5>5=0J]<�I�=�r5>cP:F�r�f(§+d CmD+D =0F�G�H+I+J4��M0B(� D j$=0>

µ∗/M∗ = 0,04
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n = 1
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n = 2
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D <�I3M� VI�r D <`r?\&I�G+<�d?<2G�=�<A;�>5d5H+Y >5H+d©G+<�d�Z�<OP:Y�rW^`H�J/d?¨7Q]<�d?<�I

n
UW=0d?Gx=0jUZ�<�Y&P:d�� r�X?s�<�I�;���<�Y�>5d5H+j f8P:F�r?X�s

G�P:d5J]<`r5>?<�F0F0>OM� VI CmD+D =0F�G�H+I+J���M0B(�QP�G�P:J]<�J]<�I =�r?>{<`r}j$=0>}Y]\&I�r5>�P:I�>?<�jkl2<OP&G h8FwP`¡]<�dgJ/H+>}jg¨&J/F0=�X?s[G�P&r
b�d5J]< D I+=�rWG+<�daj$=0Y�d?\/r5Y]\&�+=�r�X?s�<�IjTE<`X�s+ITH+I+J$j$=0>�Z�<�Y/P:d�� r?X?s�<�I T~P:I�G D <`G�=0I+J/H+I+J]<�I�^`HLd?<��+d?\�G�H+^`=�<�d?<�I3M
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µ∗/M∗ = 0,04
q
γ = 0,0133meV

q
dcv = 0,5 nm · e
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X?s�H+I+J�R

ih̄
∂

∂t
ψ(t) = Hψ(t) + φ(t)

C H�f�J/d5H+I�G«G+<�dL<�I�G�F0=�X?s�<�I_; X?s+=�X�sT>?G�=�X?Y]<�f(§+s+d5>)G�=�<�G�=�r5Y d?<�>?<�ITH+jg<�d5=�r�X?s�<�kEjgr�<�>5^`H+I+J�G�=�<`r?<�d�o~F�<�=ih
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I��:s�<�d5H+I+J]r5U%<�=�r�<�>5d?\&>5^�G+<�d$r5�6<�^`=�<�F0F�<�IOT~P:I�G D <`G�=0I+J/H+I+J]<�I«Z]\&I�<�=0I�P:I�G+<�dgr?<���P:d5=�<�d?<�I FwP&r?r?<�I3q�U�P:d?<�I
UW=0d}=0I K�P:�+=0>?<�FL��Ma��M K�^`H�f�\&F0J]<�I�G+<�d)o~F�<�=�X�sTH+I+J�f�§+d{G�=�<Ljg¨&J/F0=�X�s�<�I bDS ^`=0>?\&I�h�b�=0J]<�I�<�I�<�d5J/=�<�I«=0I G+<�d
; X?s+=�X�sT>~J]<�FwP:I+J/>OR

Ex
n = Ex

B +E ��� N +
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µ∗/M∗ = 0,25
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∫ G
θ′
G
φ′
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θ
G
φ

sin θ sin θ′
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=
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π∫
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=
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Vmm′(k||, k
′
||, kz, k

′
z) =

e2

(2π)4ε0

2π∫

0

G
φ′

2π∫

0

G
φ

< −imφ < im′φ′

|~k − ~k′|2

=
e2

(2π)4ε0

2π∫

0

G
φ
< −i(m−m′)φ

∫ G
φ′

< im′φ′

k2
|| + k′2|| − 2k||k

′
|| cosφ

′ + (kz − k′z)2

= δmm′
e2

(2π)3ε0

2π∫

0

G
φ′

< im′φ′

k2
|| + k′2|| − 2k||k

′
|| cosφ

′ + (kz − k′z)2
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G+<�d � D <�d5JTP:I+J]r,P:j$�+F0=0>5H�G+<
ψm(k||, kz)
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Vmm′(k||, k
′
||, kz, k

′
z) = Vm(k||, k

′
||, kz, k

′
z)δmm′

J/=0F0>OMWl2P�G�=�<�KE\&�+�+F0H+I+J[P:I G�P&r�P:I+d?<�J]<�I�G+<
<�F�<�Y�>5d?\&j)P:J/I�<�>5=�r�X?s�<�v�<�F�G�UW=�<`G+<�d�ITH+d{<�=0I�<

m = 0
h!KE\&j$��\&I�<�IT>?<�<�IT>5s��:F0>Oq�d?<�=�X?s�>c=0j Ua<�=0>?<�d?<�I�G�=�<

��<�>5d�P&X?sT>5H+I+J�G+<`r©��P:>5d5=YS�<�F�<�jg<�I�>
V0(k||, k

′
||, kz , k

′
z)
M���=0>

2π∫

0

G
x

1

a− cos x
= 2

+1∫

−1

G
z√

1 − z2

1

a− z
= 2

+1∫

−1

G
z√

(1 − z2)(a− z)2
r5=�<�s�<do �ad?\&I�r5>?<�=0I3qQB � ��BFq

=
2π√
a2 − 1

f�\&F0J/>©f(§+d©G�=�<`r?<`r�R

V0(k||, k
′
||, kz, k

′
z) =

e2

4π2ε0

1√
[k2

|| + k′2|| + (kz − k′z)2]2 − (2k||k
′
||)

2
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r?\&I�G+<�d5I�G�=�< � <�F0F�<�I�r?\&^`H�r�P:J]<�I�P:H�r%G+<�j¦o2< D =�<�>%s�<�d�P:H�raFwP:H�f�<�I)H+I�G)Z]<�d?r?X?s�UW=0I�G+<�I3M+l2P&r%��<�d�f8P:s+d?<�I
Z]<�d5jg<�=�G+<�>Oq�G�P&r?rWP:H�f�J/d5H+I�G�G+<�d\T~\&>�Ua<�I�G�=0J/Y]<�=0>m<�=0I�<`rW<�I�G�F0=�X�s�<�I�l~=�r5Y�d?<�>5=�r?=�<�d5H+I+J]r5=0IT>?<�d5Z/P:F0F�<`r©I�H+jg<	h
d5=�r?X?s�< C d5>?<	f8P:Y�>?<�=0I�v�\&d5j Z]\&I�H+I+J]<�Ua\&F0F0>?<�I4Tm< 
�<WS =�\&I�<�I�G+<�d

E
h�H+I�G

B
h�v�<�F�G+<�dmP:H�f�>5d?<�>?<�I3M

°�¬±��}�²Dw��!��yat�ux���L~lyaw�u)w�} 
�w��I�e��~lw�ª�~lyaw	�l�;w�}&~�yaw	²Dyau)�N}Iw��Iyau)yaw�}I�e�l�¢~�w�}�w�y��e~lya��w��lu)y����7��t�w�� 
©�.X�{�w�tatn���¥t�w�y��!���e�l�Ww��L�eya�7���eu
��w��ew���u)y�w��ew\[ s	��w�u�ª�´ ^H^ �_` �
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l~=�<Lj)P:Y d?\/r5Y]\&�+=�r?X?s�<�I ��PlS�U%<�F0Fihpo~F�<�=�X�sTH+I+J]<�I«FwP:H+>?<�I j$=0>$<�=0I�<�d}d?<�FwP:>5=0Z]<�IOZ�<�d5jg<OP D =0F0=0>��:>
µr = 1H+I�G�\&s+I�<~f(d?<�=�<�[�P&G�H+I+J]<�I

ρ 9;: � M = 0
R

∇ ~E = 0

∇ ~B = 0

d?\&> ~B = µ0
~j + µ0ε0εr

∂ ~E

∂t
+ µ0

∂ ~P

∂t

d?\&> ~E = −∂
~B

∂t
v�§+d�<�=0I�<g<�F�<�Y >5d?\&j)P:J/I�<�>5=�r?X�s�< � <�F0F�</q�G�=�<}=0I

z
h!T©=�X�sT>5H+I+J��+d?\&��P:J/=�<�d5>cH+I�G�^`=0d5Y H+FwP:d���\&FwP:d5=�r5=�<�d5>�=�r5>Oq

UW=0d?G�s+=�<�d�f�\&F0J]<�I�G+<�d C I�r�P:>5^AJ]<�j)P&X�sT>Oq"UW=�<A<`r©G+<�j ^`H D <`r?X�s+d?<�= D <�I�G+<�I���\ G+<�F0F3<�IT>?r5�+d5=�X�sT>OR

~E(~r, t) = E(z, t) ~e+ = E(z, t)
1√
2

(~ex + i ~ey)

~B(~r, t) = B(z, t)i ~e+ = B(z, t)
i√
2

( ~ex + i ~ey)

lAP:j$=0>Qr?=0I�G�G�=�<�<�d?r5>?<�I D <�=�G+<�Ic��PlS Ua<�F0Fihpo~F�<�=�X?s�H+I+J]<�I)P:H+>?\&j)P:>5=�r?X?s{<�d�f(§+F0F0>OM4��=0>3G+<�I C I+I�P:s+jg<�I ~j =
j(z, t) ~e+

H+I�G ~P = P (z, t) ~e+
<�d5J]< D <�ILr5=�X?sLG�P:I+Igf�\&F0J]<�I�G+<E<�=0I�G�=0jg<�I�r5=�\&I�P:F�<~��PlS Ua<�F0Fihpo~F�<�=�X?s�H+I+J]<�I

f�§+d©G�=�<�r5Y/P:FwP:d?<�I�o~d?¨7Q]<�I
E(z, t)

H+I�G
B(z, t)

R

n2
bg(z)

∂E(z, t)

∂t
= −c20

∂B(z, t)

∂z
− 1

ε0

(
j(z, t) +

∂P (z, t)

∂t

)
O �2M0B"P�P

∂B(z, t)

∂t
= −∂E(z, t)

∂z
O �2M0B D P

j$=0>gG+<�d\[¥=�X?s�>5J]<`r?X?s�UW=0I�G�=0J/Y]<�=0>�=0j ��<`G�=0H+j�R
c = c0

nbg
= 1√

µ0ε0εr
= 1

nbg
1√

µ0ε0

M>kmj G�=�<�<WS �+F0=0^`=0>
P:H�f�>5d?<�>?<�I�G+<A�WP:I�G�F0§�X?Y]<�I�<�I�<�d5J/=�<

EGap
P:H�rWG+<�dWbDS�^`=0>?\&I�hpo~F�<�=�X�sTH+I+J O ��M K ��P�^`H�<�F0=0j$=0I+=�<�d?<�I3q�U%<�d?G+<�I

P:F0F�<�G�¡�I�P:j$=�r�X?s�<�I o~d?¨7Q]<�I
X(z, t)

<�=0I�<�d�u3d�P:I�r�f�\&d5j)P:>5=�\&I
X(z, t) =

< −iω0tX̃(z, t)
H+IT>?<�d5^O\&J]<�I3q

j$=0>
ω0 = EGap/h̄

M]l~=�<mG+<�j���<�>5d�P:JcI�P&X�sxJ/d?\7Q]<m��P:I�G�F0§�X�Y]<�I�<�I�<�d5J/=�<~UW§+d?G+<EI�P&X�sxG+<�j ;�>�P D =0F0=0>��:>?r5h
Y d5=0>?<�d5=0H+j O B/M0B�@*P�P:H�fE; <�=0>?< ��H+I+I�¨&>5=0J�Y F�<�=0I�< S <�=0>?r?X�s+d5=0>5>?<x<�d�f�\&d?G+<�d5I3q3H+j G�=�<gbDS�^`=0>?\&I�hpo~F�<�=�X?s�H+I+J
I�H+jg<�d5=�r?X?s�^`H�F�¨/r?<�I3M+b�r�X�I�G+<�>Es+=�<�d©<�=0I � D <�d5JTP:I+J$=0I�<�=0I6g8d?\&>5=�<�d?<�I�G+<`r~�%=0F�G:h�r5>�P:>5>OM+l~=�<A<�=0I�G�=0jg<�I�h
r?=�\&I�P:F�<�Ig��PlS�U%<�F0Fihpo~F�<�=�X�sTH+I+J]<�IxFwP:H+>?<�IgI�P&X?sgG�=�<`r?<�d�uQd�P:I�r�f�\&d5j)P:>5=�\&I O G+<�d � D <�d?r5=�X?s�>5F0=�X?s+Y]<�=0>%s�P:F D <�d\&s+I�<{�md5>?r�h�H+I�G S <�=0>�P:d5J/H+jg<�IT>?< P	R U

∂Ẽ

∂t
+

c20
n2

bg

∂B̃

∂z
= −J̃ + iω0Ẽ

j$=0>
J̃ =

1

ε0n2
bg

(
j̃ +

∂P̃

∂t
− iω0P̃

)
O �2M KQP�P

∂B̃

∂t
+
∂Ẽ

∂z
= iω0B̃ O �2M K D P

kmj ITH+I�G�=�<`r?<`r©;�¡ r?>?<�j�Z]\&IL��P:d5>5=�<�F0F�<�I�l~=YV�<�d?<�I�>5=wP:F0J/F�<�=�X?sTH+I+J]<�I�ITH+jg<�d5=�r?X�s�F�¨/r?<�I�^`HxY]¨&I+I�<�I3q UW=0d?G
s+=�<�dmG�=�<A��<�>5s�\ G+<�G+<�d �%s�P:d�P:Y >?<�d5=�r5>5=0Y]<�I � Z]<�d5Ua<�I�G+<�>OM

V Z�� ¬e��ta�Ww��e~lw�� {|ya}!~f~lyaw©w X�zetaya��yn�Iwb��w��l�e��w�ya�!�e���e�l��~�w�}��)}!���lu �Y��}I��y�w�})�Iw��j�	}I¨��Fw��j~��l}I�!�
X̃
~�w�} �¥�;w�}Iu)y��!�N�Itay��!�e�Ww�yn�

�7��ta�;w�}|{|yaw�~�w�}|� ��tataw��b��w�t���u)u)w����
� a�yaw��ew [ s,��w�u�ª�´F^_^ �_`
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lAP:^`H f�P&r�r5>$j)P:I ^`H+I��&X?s�r?>xG�=�<�o~F�<�=�X�sTH+I+J]<�I O �2M KQP�P�H+I�G O �~M K D P�f�§+dgG�=�<�G�¡�I�P:j$=�r�X?s�<�Iyo2d?¨7Q]<�I
E → u

H+I�G
B → v

P:F�r�o2F�<�=�X?sTH+I+J]<�I O �2Ma��P�P¥H+I�G O �2Ma� D PQ<�=0I�<`r�o~F�<�=�X?s�H+I+J]r?r5¡�r5>?<�jgr�P:H�f5M�l~=�< D <�=�G+<�I
o~F�<�=�X?s�H+I+J]<�I O �2Ma�3X PQH+I�G O �2Ma�3G P�r?=0I�G{G�P D <�=+G�=�<�Z]\&F0F�r5>��:I�G�=0J]<�Igl~=YV�<�d?<�I�>5=wP:F�<©G+<�d�^`H D <�>5d�P&X�sT>?<�I�G+<�I
o~d?¨7Q]<�I3q+j$=0>EG+<�I��a<�^O<�=�X�s+ITH+I+J]<�I

z → x
q
t→ y

R

aux + dvy = f1 O �~Ma��P P
buy + cvx = f2 O �~Ma� D P

uxdx+ uydy = du O �2Ma�3X P
vxdx+ vydy = dv O �2Ma�3G P

j$=0>
ux = ∂u

∂x

q
uy = ∂u

∂y

q
vx = ∂v

∂x

q
vy = ∂v

∂y

H+I�G
a = b = d = 1

q
c =

c20
n2
bg

q
f2 = −J + iω0E

q

f1 = iω0B
M6v�P&r?r5>2j)P:I�G�=�<`r?<�Z�=�<�dco~F�<�=�X�sTH+I+J]<�I�P:F�r~F0=0I�<OP:d?<`rco~F�<�=�X�sTH+I+J]r?r5¡�r5>?<�j�=0I

ux
q
uy

q
vx
q
vyP:H�f�q�Fw�&r�r5>©<`r©r5=�X�s�j$=0>EG+<�dLKm\�< � ^`=�<�I�>?<�I+j)P:>5d5=YS

A
H+jgr?X�s+d?<�= D <�I�=0I3R




a 0 0 d
0 b c 0
dx dy 0 0
0 0 dx dy







ux

uy

vx

vy


 =




f1

f2

du
dv




l~=�<L[3¨/r5H+I+J{G+<`rao~F�<�=�X�sTH+I+J]r?r?¡ r5>?<�jgr%f�§+d
detA = 0

G+<WX�I+=�<�d5>%<�=0I�<mX?s�P:d�P:Y >?<�d5=�r5>5=�r?X�s�<Ao2F�<�=�X?sTH+I+J$G+<�d
��P:d5>5=�<�F0F�<�I�l�o©[�j$=0>mG+<�dEr5=�X?s�G�=�<`r?<2=0I�<�=0I�<AJ]<�Ua¨&s+I+F0=�X?s�<{lAob[�H+jgr?X?s+d?<�= D <�I�Fw�&r�r5>OR��

detA = 0 → ac(dy)2 − bd(dx)2 = 0

→ dx

dy
= ±

√
ac

bd
= ± c0

nbg
= F±(x) O �~M @*P

l~=�<EX?s�P:d�P:Y >?<�d5=�r5>5=�r?X�s�<�o~F�<�=�X?s�H+I+J D <`r?X�s+d?<�= D >%s+=�<�d%J]<�d�P&G+<mG�=�<_[¥=�X?s�>5J]<�d�P&G+<AG+<�d � <�F0F�<�I�P:H�r D d?<�=0>5H+I+J�M
lAP:d�P:H�rEf�\&F0J/>Oq6G�P&r?r2G�=�< [3¨/r?H+I+JL=0I�<�=0I�<�j Z�H+I+Y�>

R O P:j �md5>
xR

^`H+d S <�=0>
tR
PWI�H+d2Z]\&I4[3¨/r?H+I+J]<�I

P:I��md5>?<�I
xP < xR < xQ

^`H+d S <�=0>
yP = yQ

P D s��:I+J]<�I�Y/P:I+I3q�r5=�<�s�<cG�P:^`H CED+D =0F�G�H+I+JL�~M0B/M

R

P Q

F (x)
+

F (x)
--

y

x

Dy

Dx

CmD+D =0F�G�H+I+J)�2M0B]R+lAP:d?r5>?<�F0F0H+I+J)G+<`r©G�=�r5Y d?<�>5=�r5=�<�d5>?<�I4TmP:H+j}h S <�=0>�hpo2< D =�<�>?<`r

� �0u2{|yn}!~G�ly�w�}<w�y��p��zl�Iyau)�!�G�e�����W�Ww��ew�u�
�w�~�y��l� �;w��)}!���!�N�Iw���ª¡w�u<yau �¢���;w�}2��yn�2w�ya�ew�� ��})�IuI���e�e®��l�Wya�Ww��d«	y��N�Iw�}I��}I�e�e~��
v
}Iw������e�l�Wu)ya�7~�w X

nbg = nbg(x)
���e�!�<��¨��Wtaya���<~lyaw�w�y��e~lya��w��lu)y����7��t�w�� 
©�.X�{xw�tatn� �¥taw�ya�!���e�e��w��¢ya�^�Wzl�Iyau)�!�¢ya�e�l�W�����Ww��lw��
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l~=�< C H�r D d?<�=0>5H+I+J�G+<�d{<�F�<�Y�>5d?\&j)P:J/I�<�>5=�r�X?s�<�I � <�F0F�<�I�<�d�f�\&F0J/>�J]<�d�P&G+<gJ]<�j)�eQ�G+<�d D <�=�G+<�Ic[3¨/r5H+I+J]<�I
G+<�d2X?s�P:d�P:Y >?<�d5=�r5>5=�r?X�s�<�I�o~F�<�=�X?s�H+I+J

F±(x)
M � <�I+I

detA = 0
J/=0F0>Oq6G�P:I+I�r?=0I�G�G�=�<$;���P:F0>?<�ITZ]<�Y >?\&d?<�I

Z]\&I
A

F0=0I�<OP:dWP D s��:I+J/=0J�q r?=�<�s�< o �ad?\&I�r5>?<�=0I3q3B � ��BNq�M���P:IxY/P:I+ILITH+I�P:F�rar?�6<�^`=�<�F0F�<�[¥=0I�<OP:d5Y]\&j D =0I�P:>5=�\&I
G�d?<�=�<�d�G�=�<`r?<�d�;���P:F0>?<�I G�=�<g VI+s�\&jg\&J]<�I+=0>��:> D <�>5d�P&X?sT>?<�I3q�U%\&d�P:H�r�r5=�X?s�<�=0I I�<�H�<`r�o~F�<�=�X?s�H+I+J]r?r5¡�r5>?<�j
<�d5J/= D >Oq6G�P&r~=0j$jg<�dmI�\ X?s�F0=0I�<OP:dAP D s��:I+J/=0J�=�r5>EH+I�G�G+<�d~X�s�P:d�P:Y�>?<�d5=�r?>5=�r?X?s�<�I�o~F�<�=�X�sTH+I+J��2M @LJ]<�IT§+J/>OM
b�r�f�\&F0J/>©G�P:I+I3R

det




f1 0 0 d
f2 b c 0
du dy 0 0
dv 0 dx dy


 = 0

kmIT>?<�dm�a<�I�H+>5^`H+I+JxG+<�dEX�s�P:d�P:Y�>?<�d5=�r?>5=�r?X?s�<�I�o~F�<�=�X?s�H+I+J O �2M @*P�<�d5s��:F0>©j)P:I�G�P:d�P:H�rOR

dv +G±du+H±dy = 0
j$=0>

G± =
b

c
F±

H+I�G
H± = −

(
f1

d
+
f2

c
F±

)

o2F�<�=�X?sTH+I+J O �2M0B6P�PWH+I�G O �2M0B D PEY]¨&I+I�<�I�ITH+I P:F�r~J]<�Ua¨&s+I+F0=�X?s�<gl~=YV¥<�d?<�IT>5=wP:F0J/F�<�=�X?s�H+I+J]<�I�J]<�j)�eQ�G+<�d
X�s�P:d�P:Y�>?<�d5=�r?>5=�r?X?s�<�I)o~F�<�=�X�sTH+I+J2G�=�r5Y�d?<�>5=�r?=�<�d5>QU%<�d?G+<�I3q&r5=�<�s�<Lo C jg<`rOqQB � �/Klq�H+I�G�Z]<�d5J/F�<�=�X�s�< CED+D =0F�G�H+I+J
�2M0B2^`H�G+<�d©��<�^O<�=�X�s+ITH+I+J�G+<�d C H�f��+H+I+Y >?<

P
q
Q
q
R

=0I�G+<�dEG�=�r5Y d?<�>5=�r5=�<�d5>?<�I T~P:H+j}h S <�=0>OR

xR − xP =
1

2
[F+(R) + F+(P )] ∆y O �2MY��P�P

xR − xQ =
1

2
[F−(R) + F−(Q)] ∆y O �2MY� D P

vR − vP +
1

2
[G+(R) +G+(P )] (uR − uP ) +

1

2
[H+(R) +H+(P )] ∆y = 0 O �2MY�3X+P

vR − vQ +
1

2
[G−(R) +G−(Q)] (uR − uQ) +

1

2
[H−(R) +H−(Q)] ∆y = 0 O �2MY�3G�P

v�§+d©G�=�<�<�=0I�G�=0jg<�I�r?=�\&I�P:F�<�I���PlS Ua<�F0Fihpo~F�<�=�X?s�H+I+J]<�I�r?=0I�G�G�=�<A<�=0I+J]<	f(§+s+d5>?<�I CED Y §+d5^`H+I+J]<�I3R

G± =
b

c
= ± c0

nbg

H± = −
(
f1

d
+
f2

c
F±

)
= −iω0v ±

nbg

c0
(J − iω0u)

C H�r©G+<�I�o~F�<�=�X�sTH+I+J]<�I O �2MY�3X6P%H+I�G O �2MY�QG Pa<�d5J]< D <�I�r?=�X?s�G�P:j$=0>EG�=�<cv�<�F�G+<�dmP:j Z�H+I+Y >
R
R

vR − vP + (uR − uP )
nbg

c0
+

∆y

2

[
nbg

c0
JR − iω0

nbg

c0
uR − iω0vR

]
+

∆y

2
H+(P ) = 0

vR − vQ − (uR − uQ)
nbg

c0
+

∆y

2

[
−nbg

c0
JR + iω0

nbg

c0
uR − iω0vR

]
+

∆y

2
H−(Q) = 0

D ^`U�M�^`H�r�P:j$jg<�I+J]<	f�P&r�r5>OR

vR

(
1 − iω0

∆y

2

)
+ uR

(
1 − iω0

∆y

2

)
nbg

c0
= vP + uP

nbg

c0
− ∆y

2

[
nbg

c0
JR +H+(P )

]
O ∗ P

vR

(
1 − iω0

∆y

2

)
− uR

(
1 − iω0

∆y

2

)
nbg

c0
= vQ − uQ

nbg

c0
+

∆y

2

[
nbg

c0
JR −H−(Q)

]
O ∗∗ P
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O ∗ P − O ∗∗ P 2uR

(
1 − iω0

∆y

2

)
nbg

c0
= vP + uP

nbg

c0
− vQ + uQ

nbg

c0
− ∆yJR

nbg

c0
− ∆y

2
[H+(P ) −H−(Q)]

O ∗ P + O ∗∗ P 2vR

(
1 − iω0

∆y

2

)
= vP + uP

nbg

c0
+ vQ − uQ

nbg

c0
− ∆y

2
[H+(P ) +H−(Q)]

b�=0I�r?<�>5^O<�I�G+<�dW§ D d5=0J]<�I
H±

h�uQ<�d5jg<cF0=�<	f�<�d5>OR

2uR

(
1 − iω0

∆y

2

)
nbg

c0
= (vP − vQ)

(
1 +

∆y

2
iω0

)
+ (uP + uQ)

(
1 +

∆y

2
iω0

)
nbg

c0

− ∆y

2
(2JR + JP + JQ)

nbg

c0

2vR

(
1 − iω0

∆y

2

)
= (vP + vQ)

(
1 +

∆y

2
iω0

)
+ (uP − uQ)

(
1 +

∆y

2
iω0

)
nbg

c0

− ∆y

2
(JP − JQ)

nbg

c0
l~=�<�o~F�<�=�X?s�H+I+J]<�I O �2MY�QP*P%H+I�G O �2MY� D P�<�d5J]< D <�I3R

xR − xP =
c0
2

(
1

nbg
+

1

nbg

)
∆y

xQ − xR =
c0
2

(
1

nbg
+

1

nbg

)
∆y

b�r�f�\&F0J/>mP:F�r?\}J]<�d�P&G+<AUW=�<`G+<�d~G�=�<AX?s�P:d�P:Y >?<�d5=�r5>5=�r?X�s�<}o~F�<�=�X�sTH+I+Jx=0I�G�=�r5Y d?<�>?<�dEv�\&d5j�R

∆x = xR − xP = xQ − xR =
c0
nbg

∆y

v�§+d�G�=�<gG�=�r5Y d?<�>?<)v�\&d5j G+<�d�<�=0I�G�=0jg<�I�r?=�\&I�P:F�<�I���PlS Ua<�F0Fihpo~F�<�=�X?s�H+I+J]<�I UWH+d?G+<�I�f�\&F0J]<�I�G+<)��<�^O<�=�X?s�h
ITH+I+J]<�I D <�I�H+>5^`>OR

R = tn+1, zj uR = En+1
j vR = Bn+1

j

P = tn, zj−1 → uP = En
j−1 vP = Bn

j−1

Q = tn, zj+1 uQ = En
j+1 vQ = Bn

j+1

lAP:d�P:H�re<�d5J/= D >�r5=�X?s G�=�<¤<�I�G�J/§+F0>5=0J]< v�\&d5j G+<�deG�=�r?Y�d?<�>5=�r5=�<�d5>?<�I3q�<�=0I�G�=0jg<�I�r5=�\&I�P:F�<�I¬��PlS Ua<�F0Fih
o~F�<�=�X?s�H+I+J]<�I3q"G�=�<Af(§+d©G�=�<AI�H+jg<�d5=�r?X?s�<�I���<�d?<`X?s+ITH+I+J]<�I�^`H+j b�=0I�r,P:>5^cJ]<�Y]\&j$jg<�I�=�r?>OR

En+1
j =

1

2

c0
nbg

η

η∗
(
Bn

j−1 −Bn
j+1

)
+

1

2

η

η∗
(
En

j−1 +En
j+1

)
− ∆t

4

1

η∗

(
2Jn+1

j + Jn
j−1 + Jn

j+1

)

Bn+1
j =

1

2

η

η∗
(
Bn

j−1 +Bn
j+1

)
+

1

2

nbg

c0

η

η∗
(
En

j−1 −En
j+1

)
− ∆t

4

nbg

c0

1

η∗
(
Jn

j−1 − Jn
j+1

)

j$=0>
η = 1 + iω0

∆t

2

H+I�G
J =

1

ε0n2
bg

(
j +

∂P

∂t
− iω0P

)

nE=�<�d D <�= D <�^O<�=�X?s+I�<�>)G+<�d$ VI�G+<WS
n

G�=�< S <�=0>5�+H+I+Y�>?<�G+<�dgG�=�r5Y d?<�>5=�r5=�<�d5>?<�I S <�=0>$H+I�G G+<�dg VI�G+<WS
j
G�=�<

G�=�r5Y d?<�>WF0=�<�J]<�I�G+<�I�;�>5§+>5^Or5>?<�F0F�<�I�=0j��md5>?r5d�P:H+j�M
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jg<�d5=�r�X?s D <�s�P:I�G+<�F0I3M�lAP&rW^`H D <�d?<`X?s+I�<�I�G+<{ �I�>?<�J/d�P:F3s�P D <~f�\&F0J]<�I�G+<�v�\&d5j�R

f(k) =

∫ G
k′V (k, k′)g(k′)

Ua\ D <�=
V (k, k′)

D <�=
k = k′

<�=0I�<W;�=0I+J/H+FwP:d5=0>��:> D <`r5=0>5^`>OM&lAP:I+I}Fw�&r?r5>�r5=�X�s}G�P&r� VIT>?<�J/d�P:F�f�\&F0J]<�I�G+<�d5j)PeQ]<�I
^O<�d5F�<�J]<�I)=0Ig<�=0I�<�Ix;�H+j$j)P:I�G+<�Ix\&s+I�<E;�=0I+J/H+FwP:d5=0>��:>Oq]H+I�G$<�=0I�<�I$^`Ua<�=0>?<�I�;�H+j$j)P:I�G+<�I3q�G+<�d�U%<�=0>?<�d5s+=0I
f�§+d

k = k′
r5=0I+J/H+Fw�:d©=�r?>OR

f(k) =

∫ G
k′V (k, k′)g(k′) =

∫ G
k′ V (k, k′)

[
g(k′) − g(k)α(k, k′)

]
︸ ︷︷ ︸

: � � EHG�� : � :�� E � 	0:
E	��
 9
� : k=k′

+ g(k)

∫ G
k′ V (k, k′)α(k, k′)︸ ︷︷ ︸

� � M � � :��HM�� � M�� � E!G�� :�9�� : k=k′
j$=0>

α(k, k′) = 1
f�§+d

k = k′

l2<�d©uQd5=�X?Y D <`r5>?<�sT>©I�H+I�=0I�<�=0I�<�d©J]<`r?X�s+=�X?Y >?<�I � P:s+F3Z]\&I
α(k, k′)

q+r?\$G�P&r?rEr5=�X?s�G�P&r©F�<�>5^`>?<� �I�>?<�J/d�P:F8q
G�P&raG�=�<~;�=0I+J/H+FwP:d5=0>��:>©<�I�>5s��:F0>Oq�<�IT>�Ua<`G+<�dEP:I�P:F0¡�>5=�r�X?s D <�d?<`X�s+I�<�ILFw�&r�r5>OqT\ G+<�daP D <�d

α(k, k′)
f�§+d

k 6= k′r�X?s+I�<�F0F J]<�ITH+J�P D f��:F0F0> O P:F�r?\2P:F�r�Y]\&ITZ]<�d5J]<�I+^O<�d5^O<�H+J]<�I�G+<�d�v�P:Y >?\&d¢UW=0d5Y�>_P	q4H+j�G�P&r� VIT>?<�J/d�P:F�§ D <�d�<�=0I�<�I
Y F�<�=0I�<�I���<�d?<�=�X�s{H+j|G�=�<�;�=0I+J/H+FwP:d5=0>��:>¢I�H+jg<�d5=�r?X?sgP:H�r5d?<`X�s+I�<�I�^`H{Y]¨&I+I�<�I3M C j D <`r5>?<�I�Ua�:s+F0>�j)P:I}P:F�r
;�>5§+>5^Or?>?<�F0F�<�I�f�§+dmG�=�<{ VIT>?<�J/d�P:>5=�\&I�G�P D <�=�oAP:HRQ � r?X�s�<d]mH�P&G�d�P:>5H+d5�+H+I+Y�>?<$G�=�X�sT>2H+j�G�=�<$;�=0I+J/H+FwP:d5=0>��:>OM
b�=0I[��<�=�r5�+=�<�F8q¢f�§+d)G�P&r)<�=0I�<�P:I�P:F0¡�>5=�r�X?s�<��a<�d?<`X�s+ITH+I+J�G+<`r)F�<�>5^`>?<�I  �I�>?<�J/d�P:F�r)jg¨&J/F0=�X�s[=�r?>Oq�=�r5>)G�P&r
g �a\&H+F�\&j D h� VIT>?<�J/d�P:F h�=0I�G�d?<�=Tl~=0jg<�I�r5=�\&I�<�Ic=0I�K2H+J]<�F0Y]\ \&d?G�=0I�P:>?<�I{I�P&X?sc VIT>?<�J/d�P:>5=�\&I{§ D <�d3G�=�< � =0I+Y]<�F8q
P:H�r~o~F�<�=�X?s�H+I+J O ��M0B�@ P	M�nm=�<�dW=�r5>©<�=0I�< D <`r?\&I�G+<�d?rWJ/§+I�r?>5=0J]< � P:s+F8R

α(k, k′) =
4k4

(k2 + k′2)2
O �2M ��P

v�§+d�G�=�<$��<�d?<`X?s+I�H+I+J�G+<`r�r?=0I+J/H+Fw�:d?<�I  �I�>?<�J/d�P:F�rAY/P:I+I�G�P:I+I�f�\&F0J]<�I�G+<�dcP:I�P:F0¡ >5=�r?X�s�<�d C H�r?G�d5H�X?Y D <	h
I�H+>5^`>©U%<�d?G+<�I3R

1

π

∫ G
k′

4k4

(k2 + k′2)2
k′

k
ln

|k + k′|
|k − k′| = k

l~=�<`r?< � P:s+FxG+<�d v+H+I+Y >5=�\&I
α(k, k′)

f(§+s+d5>�^`U�P:d =0I S ¡ F0=0I�G+<�d5Y]\�\&d?G�=0I�P:>?<�I j$=0> G+<�j �a\&H+F�\&j D h
Z�\&>?<�IT>5=wP:F�P:H�rAo~F�<�=�X�sTH+I+J O ��M0B ��P�I+=�X�sT>2^`H�<�=0I�<�j�P:I�P:F0¡ >5=�r?X?s D <�d?<`X?s�<�I D P:d?<�I C H�r?G�d5H�X�Y6q�UW=0d?G�G+\&d5>
P D <�dW>5d?\&>5^OG+<�j��:s+I+F0=�X�s�P:I+J]<`r?<�>5^`>OR

α(k, k′) =
4
(
k2
|| + k2

z

)4

((
k2
|| + k2

z

)2
+
(
k′2|| + k′2z

)2
)2

lAP D <�=�<�d5s��:F0>�G�=�<}r5��<�^`=�<�F0F�< � P:s+F�G�=�<$;�¡ j$jg<�>5d5=�<$G+<�db[3¨/r5H+I+J�q¥G�=�<m£?P)<�=0J]<�I�>5F0=�X?s�K2H+J]<�F�r5¡ j$jg<�>5d5=�<
s�P:>Oq�P:I�P:F�\&J�^`H O �~M �*P	M3v�§+d�G�=�<)< D <�I�f8P:F0F�r�ITH+d{ITH+jg<�d5=�r�X?s�jg¨&J/F0=�X?s�<���<�d?<`X?s+ITH+I+J�G+<`r� �I�>?<�J/d�P:F�rc=0I
o2F�<�=�X?sTH+I+J O ��M K �*PAUW=0d?G�P:H�X?s <�=0I P:I�P:F�\&J]<�d C I�r�P:>5^xf�§+d{G�=�<xY]\&ITZ]<�d5J]<�I+^O<�d5^O<�H+J]<�I�G+<�v+H+I+Y�>5=�\&I�J]<	h
U��:s+F0>OR

α(k⊥, k
′
⊥) =

4k4
⊥(

k2
⊥ + k′2⊥

)2
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